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RANDOM IDEAL TRIANGULATIONS AND THE 
WEIL-PETERSSON DISTANCE BETWEEN FINITE DEGREE 
COVERS OF PUNCTURED RIEMANN SURFACES 

JEREMY KAHN AND VLADIMIR MARKOVIC 



Abstract. Let S and R be two hyperbolic finite area surfaces with cusps. We 
show that for every e > there are finite degree unbranched covers S e — > S 
and R e — > R, such that the Weil-Petersson distance between S e and R e is less 
than e in the corresponding Moduli space. 



1. Introduction 

We say that a hyperbolic Riemann surface is of finite type if it has the finite area 
with respect to the underlining hyperbolic metric. Such surfaces are either closed 
or are obtained from closed surfaces after removing at most finitely punctures. All 
Riemann surfaces in this paper are hyperbolic and of finite type (except the unit 
disc/upper half space which is the universal cover of such surfaces). Let S and R be 
two finite type Riemann surfaces that are both either closed or both have at least 
one puncture. Then there is always a common holomorphic (possibly branched) 
cover of S and R. However a generic pair of such surfaces will not have a common 
holomorphic, unbranched finite degree cover. Except the universal cover, from now 
on all covers in this paper will be assumed to be holomorphic, unbranched and 
finite degree, so every time we use the term cover this will be understood. Since we 
assume that both S and R are either closed or have at least one puncture, one can 
find covers S\ and R\ , of S and R respectively, that are quasiconformally equivalent 
(there is a quasiconformal map between them). This is equivalent to saying that 
Si and i?i have the same genus g and the same number of punctures n (both Si 
and Ri are of the type (g, n)). 

The well-known Ehrcnpreis conjecture asserts that for a given e > one can find 
covers Si and Ri , of S and R respectively, so that Si and i?i are quasiconformally 
equivalent and the distance between them is less than e. Since Si and Ri are 
quasiconformally equivalent they belong to the same moduli space M g n , where 
g is the genus and n is the number of punctures in S\. Recall that M Sjra is the 
space of all hyperbolic metrics one can put on a surface that has genus g and n 
punctures. The distance between them is measured in terms of a metric that exists 
on M 9 „. Originally the problem was posed in terms of any natural metric on the 
corresponding M g .„ (see [4]). Note that there are two cases of this conjecture, the 
first is when S and R have punctures, and the second when they are both closed. 

Remark. In fact there is no easy way showing that one can find the corresponding 
covers Si and Ri so that the distance between them in their moduli space is strictly 
less than the distance between S and R in their moduli space (providing that S 
and R are homeomorphic). 
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Recall that the Teichmiiller space is the universal holomorphic cover of M ff;Tl . 
The two standard (and most studied) metrics on T 9j „ that are well defined on 
M S] „ are the Teichmiiller metric and the Wcil-Petersson metric. In this paper we 
prove this conjecture in the case of punctured surfaces and where the distance is 
measured with respect to the normalised Weil-Pctcrsson metric. We stress that our 
results do not imply the case when the distance is measured with respect to the 
Teichmiiller metric. 

Remark. Let M be a finite type surface and it : Mi — > M be a cover (the genera 
of M and Mi is g and gi respectively and the number of punctures is n and 
ni respectively). Then the covering map n induces an embedding t : T g . n — > 
T gli ni- This embedding is an isometry of T g jl onto its image with respect to the 
Teichmiiller metric. However, if one takes the traditional definition of the Weil- 
Petersson metric this embedding increases the distance by multiplying it by the 
square root of the degree of the cover. Therefore it is important that we normalise 
the Weil-Petersson metric on T 9j „ (and therefore on M 9 „) by dividing it by the 
square root of the hyperbolic area of a surface of the type (g, n) (every such surface 
has the area equal to 27r(2g — 2 + n)). After this normalisation the embedding l 
becomes an isometry with respect to the Weil-Pctcrsson metric as well. 

Theorem 1.1. Let S and R be two finite type Riemann surfaces that both have 
at least one puncture. Then given e > one can find covers S e and R t of S and 
R respectively, so that S e and R e are quasiconformally equivalent and the Weil- 
Petersson distance between them is less than e. 

We construct the covers S e and R e explicitly. We believe that it can be recovered 
from our construction that the degree of the covers S e — > S and R c — > R is of the 
order P(-), where P is a polynomial that depends on S and R. We believe that 
the degree of this polynomial is independent of S and R. 

It has been shown in [5] that for every e > there are covers of the Modular 
torus (this is the punctured torus that is isomorphic to H/G where G is a finite 
index subgroup of PSL(2, Z)) that arc not conformally the same but are e close in 
the corresponding moduli space and with respect to the Teichmiiller metric. See [5] 
for equivalent formulations of the Ehrenpreis conjecture (see also jS], [7] for related 
results). 

Wc say that a Riemann surface So is modular if So is isomorphic to H/G where G 
is a finite index subgroup of PSL(2, Z). Such surfaces are characterised by having 
an ideal triangulation where all the shears are equal to zero (a shear coordinate that 
corresponds to an edge Xi of an ideal triangulation is the signed hyperbolic distance 
between the normal projections to Xi of the centres of the two ideal triangles that 
contain A.; as their edge). Give a Riemann surface S, for every r » we construct 
a finite degree cover S(r) — > S such that S(r) has an ideal triangulation where 
the shear coordinates are "small". Then there exists a modular surface So(r) such 
that all the shear coordinates of the corresponding ideal triangulation are equal 
to zero. One has to make this precise and in particular be able to estimate the 
Wcil-Petersson distance between S(r) and So(r). We show that the Weil-Petersson 
distance between S(r) and So(r) less than e - ^. It can be recovered from the 
construction that the degree of the cover S(r) — > S is less than P(e r ), where P(r) 
is a polynomial in r. 
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In Section 2. we discuss the Weil-Petersson distance and obtain the needed 
estimates of this distance in terms of the shear coordinates. In Section 3. we develop 
the method of construction finite degree covers of S by gluing ideal immersed ideal 
triangles in S. In Section 4. we discuss measures on triangles and the notion 
of transport of measure. We state Theorem 4.1 which claims existence of certain 
measures on the space of immersed ideal triangles in S. We prove Theorem 1.1 
using Theorem 4.1. In Section 5. we construct the measures from Theorem 4.1 and 
prove this theorem. Heavier computations needed in the proof of Theorem 4.1 are 
done in Section 6 and Section 7. In the appendix we prove an ergodic type theorem 
about the geodesic flow on a finite area hyperbolic surface with cusps. This theorem 
is most likely known but in the absence of an appropriate reference we offer a proof. 



2. The shear coordinates and the Weil-Petersson metric 



2.1. The Weil-Petersson metric. Let S be a Riemann surface of the type (g, n). 
Let p(z)|<iz| be the line element for the hyperbolic metric on S (here z = x + iy is 
the local parameter). Denote by Q{S) the Banach space of holomorphic quadratic 
differentials on S with the norm given by 



27r(2g - 2 + n) 



p 2 {z)\(j){z)\ 2 dxdy . 



Here Area(S') = 2n(2g — 2 + n) represents the hyperbolic area of S. Note that if 
the n > 1 than elements of Q(S) have at most first order poles at the punctures. 

By L°°(S) we denote the Banach space of Beltrami differentials on S. These are 
measurable (—1,1) forms with the finite supremum norm ||/u||oo for p £ L°°(S). 
We introduce the equivalence relation on L°°(S) by saying that p ~ v if 



J p4>(z) dxdy = J 



v4>{z) dxdy, 



for every <j> £ Q(S). The equivalence class of p £ L ca (S) is denoted by [p). The 
space L°°(S)/ ~ is a finite dimensional vector space. The induced supremum norm 
on L°°(S)/ ~ is given by 



Mile 



inf HHIc 
vein] 



The Teichmiiller space T Sj „ is a complex manifold and its tangent space Tg(T 9i „) 
at S is identified with the vector space L°° / ~. The corresponding cotangent space 
Tg(T g , n ) is identified with Q(S). The Weil-Petersson pairing on Q(S) is given by 



1 



WP 



27r(2g - 2 + n) 



p (z)4>(z)ip{z)dxdy. 



The induced scalar product on Ts(T g . n ) = L°°(S)/ ~ is called the Weil-Petersson 
product. The corresponding norm of a vector [p] £ L°°(S)/ ~ is given by 



p4> dxdy 



\ wp = sup — T 
<t>eQ{S) 27r(2g- 2 



n 
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Below we show how to define the norm ||[/x]||wp in terms of harmonic Beltrami 
differentials. The induced Riemannian metric on T fl! „ is called the Weil-Petersson 
metric, and by d\yp we denote the corresponding distance on T Si „. 

This definition of the Weil-Petersson distance is a modification of the usual one. 
If P, Q G T fl „ than the usual Weil-Petersson distance between P and Q is given 
by ^/27r(2g — 2 + n)dwp(P 7 Q)- Clearly we have just rescaled the distance by the 
factor ^27r(2g - 2 + n). If Si is a Riemann surface of the type (51, n\) that covers 
S and if 1 : T s „ — > T gl , ni is the induced embedding, than 1 is an isometric 
embedding with our definition of the Weil-Petersson distance. Also, according to 
[5] we have that dw p {P, Q) is strictly less than the Teichmiiller distance between 
P and Q. 

We have 

Lemma 2.1. Let \i G L°°(S). Then 



<9||[ M ]||oc inf / \v\p 2 {z)dxdy 



WP 



S 



Proof. Let G be the covering group of Mobius transformations acting on the upper 
half plane H so that the Riemann surface S is isomorphic to H/G. Let So be a 
fundamental domain for the action of G. The lift of \i € L°° (S) to H we also denote 
by /i. Recall that the density of the hyperbolic metric on H is given by p 2 (z) = y~ 2 
where z = x + iy (^H. Let w = u + iv £ H denote another complex parameter. Set 

K(z,w) 



{z — w) 4 ' 

where z,w £ H. The function K(z,w) is the Bergman kernel for H. The following 
are the well known properties of K(z, w). We have 

. \K(z,w)\ = \K(w,z)\. 

• For any Mobius transformation g : H — > H we have 

(1) \K( g (z),g(w))\\g'(z)\ 2 \g'( W )\ 2 = \K(z,w)\, 

• For every z, w G H we have 

(2) — / \K{z, w)\ dxdy =— \K{z, w)\ dudv = 1. 



Let 



H H 



-12 



6\p\(w) = / u(z)K(z,w) dxdy. 

7T 



H 

The differential v 2 4>[ii](w) is called the harmonic Beltrami differential. The Weil- 
Petersson norm ||[m]||w.p can be expressed as (see [TJ) 



t*]\\wP= I v 2 \<t>[(j](w)\ 2 dudv. 

So 
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Let v 1 v\ £ [n] be any Beltrami dilatations from [/i] and use the same notation 
for the lifts of v and v\ to H. Then <fi[u](w) = 4>[v](w) = 4>[isi](w). We have 



wp < sup |w 2 0[^i](w)| ( / \<f)[v](w)\ dudv 



From (J2J) we have 



(3) 



WP 



So 



We have 



|0[^](u>)| dudv 



So 



<3||M|U / I^MHIdudu. 



12 



So 



is(z)K(z, w) dxdy 



H 



< 



12 



11/(2)11-^(2;, w) I dxdy ] dudv. 

So \H 

We partition H into the sets g(So), g G G. This gives 



| |#/](«,)|dl«fo< J J 

So 9<EG S V(So) 



I ^(2) 11^(2, w)\ dxdy \ dudv. 



We have 



12 



E 



|i/(z)||-?T(z, w)\ dxdy \ dudv 



So \i(S ) 



12 



J2 / / |K^))ll^(5W^)ll5'(^)| 2 ^ d«d« 



So 



12 x ^ 

71- 



|K5W)ll^(ffW,<?H)ll.9'W| 2 |5'H| 2 ^ 
Since |^(g(z))| = \v{z)\ and from ([1]) we get 



9 eG S -i(S ) VSo 



So 9<£G g- 1 (S ) \So 



\v(z)\\K(z,w)\ dxdy \ dudv 



12 

7T 



v{z)\ \K(z, w)\ dxdy I dudv. 



H 



We exchange the integrals in the above inequality to get 



(i 
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So So 




|0[V](k;)| dudv < — / I / \i / {z)\\K(z,w)\dudv I dxdy. 



From ([2]) we have that 

12 /" 

— / |if(2:,«;)| dudv < 3y 



which shows that 

|0[^](w)| dudv < 3 y z/~ 2 |i;(z)| dxdy = 3 / p 2 (z)\v(z)\dxdy 1 

So So S 

where p 2 (z) is the density of the hyperbolic metric on S. Together with © this 
proves the lemma. 

□ 

2.2. The Shear coordinates for T g n . The notation we introduce here remains 
valid throughout this section. Fix a surface S of genus g and with n > 1 punctures 
(here S is not assumed to be a Ricmann surface, in fact we will equip S with various 
complex structures). By Cusp(S) = {a(S), C2(S), c n {S)} we denote the set of 
punctures (recall that S is a closed surface and S is obtained by removing the set 
Cusp(S') from S). Let r be an ideal triangulation of S. This means that r is a 
triangulation of S where the vertex set is exactly equal to Cusp(S') (from now on 
all triangulations will be ideal triangulations and we will not use the term ideal 
anymore). By A = {Ai, A|a|} we denote the ordered set of edges of the triangles 
from t. Here |A| denotes the total number of edges. For topological reasons we 
have |A| = 6g — 6 + 3n. Let |r| denote the total number of triangles in r. We have 
|t| = 2(2g — 2 + n) and therefore the equality 

||A| = M, 

holds. We say that two triangulations r and t\ of S are isotopic if there is a 
homeomorphism / : S — ► S that pointwise preserves the set Cusp (5) and that is 
homotopic to the identity map on S modulo the set Cusp(S'). 

Fix a triangulation r of S. Wc define the set X(t) C R' a ' as follows. Let 
Ci(S) £ Cusp(5) and let Ajn) , .., Xm) be the subset of edges from the set A that have 
Ci(S) as an end point. Also, let a : A — > {1, 2} be defined so that for Ai s A we have 
er(Ai) = 1 if the endpoints of Ai represent different punctures on S and cr(Aj) = 2 if 
the two endpoints represent the same puncture on S. Let r = (ri, ...,rm) € R' A '. 
Then r g X(t) if for every i = 1, n we have 

j=k 

^a(A 40) )r l0 -) =0. 

3=1 

Clearly X(t) is a linear subset of Rj A L In particular, we have = (0, ...,0) G 
X(t). 

Now we define the map F T : X(t) — > T ff) „. Recall that T 9! „ is the space of 
complete hyperbolic metrics on S with marking. To a point r = (n, ...mi) € X{t) 
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we associate an element F T (r) E T 5 . n that is represented by the marked hyperbolic 
metric with the following properties. There exists a triangulation r' (with the 
corresponding set of edges A') of 5 that is isotopic to r and such that all the edges 
in A' arc geodesies with respect to this metric and so that the following holds (a 
triangulation will be called a geodesic triangulation if all the edges are geodesies 
in the corresponding hyperbolic metric). Let A^ G A' and let T\ and Ti be the two 
triangles from the triangulation r' that have A^ as an edge. We lift T\ and T2 
to the universal cover H (the upper half space). The edge \[ lifts to the geodesic 
that connects and 00. One of the triangles T\ or T2 (depending on how we lift 
A^) lifts to the ideal triangle with vertices at —1,0, 00 and the other triangle lifts 
to the triangle with vertices 0,e ri ,oo. This requirement defines the map F T . This 
definition does not depend on how we lift the geodesic A^ (there are exactly two 
ways we can lift it). The number r.; can also be defined as the signed hyperbolic 
distance between the points on the geodesic A^ that are the orthogonal projections 
of the centres of the triangles of T\ and T2 respectively (equivalcntly one can see 
these two points as the feet of the perpendiculars from the two vertices of T\ and 
T2 respectively that are opposite to A,^)- 

This maps was originally defined by Thurston (this concept has been developed 
by Bonahon, Penner, Fock, Chekhov...). The corresponding coordinates on T g „ 
are called the shear coordinates. 

Proposition 2.1. The map F T : X{t) — > T gi „ is well defined real analytic homeo- 
morphism. 

See [3] for the proof of this theorem. This parametrisation of T s „ depends 
on the choice of the triangulation r and different triangulations produce different 
parametrisation. 

Recall that the Farey tessellation T is the ideal triangulation of H with the 
property that for any two adjacent triangles the feet of the perpendiculars that are 
dropped from the vertices of these two triangles, that are opposite to their common 
edge, coincide. To make T be a unique tessellation satisfying this property we 
require that one its triangles is the one with the vertices at 0, 1, 00. It is well known 
that this triangulation is preserved by the action of the group PSL(2, Z). 

Proposition 2.2. Let t be a triangulation of a finite type surface S (S has at least 
one puncture). Then the Riemann surface that corresponds to F T (0) is obtained as 
the quotient of H by a finite index subgroup o/PSL(2,Z). 

Proof. Let R be the Riemann surface that corresponds to F T (0). We lift the cor- 
responding geodesic triangulation r 1 of R to H and assume that the triangle with 
vertices at 0, l,oo belongs to this lift. Let G be the corresponding covering group 
of Mobius transformation acting on H. Since R corresponds to F T (0) we conclude 
that the corresponding tessellation of H is the Farey tessellation T and G preserves 
T . On the other hand, every Mobius transformation that preserves T must be in 
PSL(2,Z). This shows that G is a subgroup of PSL(2,Z). The fact that G is 
of finite index follows from the assumption that S is of finite type so R has finite 
hyperbolic area. □ 

This simple proposition is important for us. 

For r € X(t) we define the supremum norm HrH^ = max{ri, ...,r|^|} as usual 
(this norm does not depend on r of course). Next, we define a norm on X(t) 
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that depends on r. We define the Oscillation norm O r (r) for r £ X(t) as follows. 
Let G be the covering group of Mobius transformations acting on H so that S is 
isomorphic to H/G (here S has the complex structure that corresponds to F r (r)). 
Let {A,-(i), A,*/m} be a k-tuplc of edges from A. We say that this k-tuple is a 
k-tuple of consecutive edges if we can find the lifts {A^,-^, ...,A^ fe -j} to H so that 
each curve A^ has oo as its endpoint, and so that each curve A^n is to the left 
of the curve A^ +1 j, where j = 1, ...k\. In this case we also say that the k-tuplc 
of consecutive edges {Ajm, \{k)} is left oriented (one similarly defines a right 
oriented k-tuple of consecutive edges). 

Set 

T (r) = sup |r i( i) +... + r i(fc) |, 

{A»(i),...,A i (| t )} 

where the supremum is taken among all consecutive k-tuples {Ajm, \(k)} (and 
for any k £ N). Note that if k is equal to the number of all edges that enter the 
puncture that corresponds to oo (an edge is counted twice if the puncture on S that 
corresponds to oo is equal to both of its endpoints) then by definition of X(t) we 
have rvx) + ... + ^i<k) — 1- This shows that the supremum in the above definition 
is achieved and this shows that O r (r) is a well defined non-negative real number. 
Note that < T (r). 

2.3. Estimating the Weil-Petersson distance in terms of the shear co- 
ordinates. Our aim here is to estimate from above the Weil-Petersson distance 
dwp(Fr(0), F T (r)) for a given r £ X(t). We make this estimate in terms of the vec- 
tor r (and under certain assumptions on r). Until the end of this section r £ X(t) 
is a fixed vector. 

Let ip '■ [0,1] — > T^g,n be given by ip(t) — F T (tr). The map tjj is differcntiablc 
(since F T is differentiable), and we compute its first derivative in order to estimate 
the distance. For t £ [0,1] let St be the Riemann surface that corresponds to 
the point F T (tr) £ T g , n . Fix t Q £ [0,1] and identify T ff .„ with Tcich(S' to ) in the 
standard way. In order to estimate the distance dwp(F T (0), F T (r)) we estimate the 
Weil-Petersson norm of the vector 5^(£o) in the tangent space of T 9 „ at the point 
F T (tor). First we construct an explicit quasiconformal map ft : St — > St so that 
the pair (St, ft) represents the point ip(t) in Teich(St ) (the requirement is that /* 
is nomotopic to the identity as a map of S onto itself). 

Remark. The homotopy class of map ft has been studied by Pcnncr-Saric in [9]. 
Passing to the universal cover of St, they explicitly construct the quasisymmetric 
map of the unit circle that determines the homotopy class of ft in terms of the 
corresponding ideal triangulation of the unit disc. This has various important 
applications. 

Let r(t) be the geodesic triangulation of St that is homotopic to r. By X(t) 
we denote the corresponding set of edges (these edges are now geodesies). For a 
triangle T £ r wc denote by T(t) the corresponding triangle in r(t) (for A.; £ A we 
denote by Aj(t) the corresponding clement of A(i)). Let ct(T(i)) be the geometric 
centre of T(t). For adjacent triangles Ti,T 2 £ r let l(T 1 (t),T 2 (t)) denote the 
geodesic segment between the centres ct(Xi(i)) and ct(T2(i)). We define the map 
ft at the centres ct(T(t )) by setting / t (ct(T(i ))) = ct(T(i)). We define ft on each 
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Z(Ti(£o),T 2 (to)) so that ft(l{T 1 (t ),T 2 (to))) = l(T 1 (t),T 2 {t)) and by the requirement 
that ft stretches the hyperbolic distance by the factor 

|z(ri(t),r 2 (f))| 
|z(r 1 (t ),r 2 (t ))l ' 

where \l(Ti(t), T 2 (t))\ and \l(Ti(t a ), T 2 (t ))\ are the corresponding hyperbolic lengths. 
If Aj(i) G A is the common edge for Ti and T 2 then we have 

ft(l(Ti(to),T2(to)) n Aj(to)) = l(Ti(t),T 2 (t)) n Ai(t), 

because the point l(Ti(t), T 2 {t)) n Ai(i) is always the middle point (in terms of the 
hyperbolic distance) of the geodesic segment l(Ti(t),T 2 (t)). 

Fix T G r and let Ti, T 2 , T 3 g r be triangles adjacent to T. The triangle T(t) is 
partitioned into sets E\{t), E 2 (t), E 3 (t) where these three sets are separated by the 
segments l(T(t),Ti(t)) fl T(t), i = 1,2,3. In particular, the boundary of set E\{t) 
is the union of the curve (l(T(t),Ti(t)) n T(t)) U (l(T(t),T 2 (t)) n T(i)) and the two 
geodesic rays lying on the edges that separate the pairs T(t),Ti(t) and T(t),T 2 (t) 
respectively. Denote by X^i^t) and Aj( 2 )(i) the corresponding edges that separate 
the pairs T(t),Ti(t) and T(t),T 2 (t) respectively. The map ft is already defined on 
the part of the boundary of £i(io) and we define it on the rest of E\{to) as follows. 

We use the same notation for the lifts of triangles from r(t) and the edges from 
X(t) to the universal cover H. We assume that for every t g [0, 1] the triangle 
T(t) € r(t) lifts to the triangle in H that has the vertices at 0, 1, oo (our definition 
of ft does not depend on this normalisation). We may assume that T\(t) is to the 
left of the triangle T(t) in the universal cover. Then the edges Aim and Aj(2) lift to 
the geodesies in H with the endpoints 0, oo and 1, oo respectively. We have already 
seen that the two vertices of the triangle T\(t) are and oo. The third vertex of 
Ti(t) is at the point — e _tri < 1 > (see Figure [TJ. Similarly, the vertices of T 2 (t) are at 
1,(1 + e' ri < 2 > ), oo. We need to keep track of the vertices for T\ (t) and T 2 (t) in order 
to be able to verify later that the map f t is well defined on the geodesies Aj(i)(io) 
and A i(2 )(i ). 

Set 

L t = (l(T(t), Ti(t)) R T(t)) U (l(T(t),T 2 (t)) n T(t)). 

Let u(t, .) : [0,1] — > (0,oo) so that L t is the graph of the function u(t,x). The 
function u(t,x) has all derivatives everywhere except at the point h (but it has 
both left and the right derivatives at this point). At the point to we have that the 
function u(to,x) depends only on the value of the shear coordinates r^m and fi( 2 )- 
If we fix an upper bound on the sum |rjm| + |i"i( 2 )| we have that the set of such 
functions u(t, .) : [0, 1] — > (0, oo) is compact in the C°° topology on both intervals 
[0, 5] and [3, 1]. This shows that there is a constant C\ > that depends only on 
+ |r i(2 )| so that 

(4) Hio, OllooH, ll-^lloo, IK(*o, OIU < Cl 

u{t , .) 

The set Ei (t) is given by 

E^t) = {z€H:0<x<l,y> u(t,x)}. 
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Figure 1. 



The map f t is already defined on L to . Let a(t, .) : [0, 1] — > [0, 1] and (3(t, .) : [0, 1] — > 
(0, oo) be the functions so that 

ft(x + iu(to, x )) = a (t> x ) + i/3(t, x). 

The functions a(i, .) and (3(t, .) depend only on the values r^x) and *i{2) and both 
of them have all derivatives at every point in (0, 1) except ^ (but it has the left and 
the right derivative at this point). Note that a(t, .) fixes the points 0, |, 1. Also, 
a(to,x) = x and /3(to,x) = u(to,x). Again, by fixing an upper bound on the sum 
l r i(i)| + l r i(2)| we have that the set of all such functions a(t, .) : [0, 1] — > [0, 1] and 
/3(t, .) : [0, 1] — > (0, oo) is compact in the C°° topology on the intervals [0, i] and 
[i, 1]. This shows that there are functions ipi, ip2 '■ [0, 1] \ \ — > R that depend only 
on + 1^(2)1 so that 

(5) 

a x (t,x) = l + tp 1 (x)(t-t ) + o(t-t ), Px(t,x) = u x (t ,x)+<p2(x){t-to) + o(t-t ), 

for every x £ (0,1), x ^ \. Moreover, the functions a(t,x) and (3(t,x) depend 
on the real variables and 1^(2) and have all derivatives with respect to these 
variables too. If we fix an upper bound on the sum |r^m| + |r»(2)| then the set of 



RANDOM IDEAL TRIANGULATIONS 



11 



functions <fi(x) and <f2(x) is compact in the variables x, r^m and IV2) in the C°° 
topology. In particular, the derivatives of tpi and tf2 with respect to r,^) and rj( 2 ) 
are bounded from above, and this bound depends only on the sum |r^(x)| + |rj(2)|- 
This shows that there is a constant C 2 > that depends only on the upper bound 
on the sum Ir^^l + |r,(2)|, so that 

(6) HHUIMloo <C 3 (|r 1(1) | + |r i(2) |). 

The estimate ((6]) will be used in the case when the sum |rj(i)| + |rj( 2 )| is small. 

We define the map f t so that f t (Ei(t )) = E 1 (t). We have 

f t (z) = a{t, x) + i(/3(t, x) + 7(t, z)), 

where the function 7 : £i(io) — * [0, 00) is defined as follows. ByAj(i)(£o), ^i(2)(to), K(k){to) 
we denote a k-tuple of consecutive edges (see the definition above), starting with 
the edge A^i). Let z £ Ei(to). Then y — u(t ,x) > 0. If y — u(to, x) > (1 — x) then 
let k(z) > 2 be the smallest integer so that 

3 =k(z) 

y-u(t ,x) < (1 -x) + e to(r *( 2 )+- +r '0) ) . 
In this case let p(z) € [0, 1] be determined by the identity 

3=k(z)-l 

(7) y-u(t ,x) = (l-x)+ e*°^( 2 ) + - +ri O))+p(z)e to(r « 2 ) + - +r< ( fe ( S .))). 

If < y < 1 — x then p(z) £ [0, 1] is given by y — u(to, x) = p(z)(l — x). 

The function p{z) is defined for y > u(to,x) and < x < 1 and it is continuous 
there, while it is differentiable outside a discrete set of smooth curves. From ([7]) for 
y — u(to, x) > (1 — x) we have 

(8) p x {z) = (1 - u x (t ,x))e- to(r *< 2 > + ---+ r -(<^)>), Py (z) = e - t o( r *(2)+-+r*(H*))) y 
where defined. For y — u(to,x) > (1 — x) set 

j=k(z)-l 

j(t, Z) = (1 - X) + ^ e t(*«0fl+-+*iCfl) + p( z ) e *(r I (2, + ...+r l(M2) ,)_ 

For j/ — m(£oj a;) < 1 — x set 

7(i, z) = p(z)(l — x) = y — u(t , x). 
For y — u(io: a;) > (1 — x) it follows from ([5]) that 

(9) 

y x (t,z) = (l-u x (t ,x))e {t - to)< ' r ^ + - +r ^^ ) -l, j y (t,z) = e(*-*o)( r «w + - +r *c*W)). 
For j/ — w(io7 x) < 1 — x we have 

(10) 7z(M) = ~Ux(to,x), j y (t,z) = l. 

As we stated above we define ft(z) as 

ft(z) = a(t,x) + i((3{t,x) + r)(t,z)). 

Clearly f t : Ei(t ) — ► ^i(i) is a homeomorphism. It is differentiable outside a 
discrete set of smooth curves. By repeating the same process we define f t on every 
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triangle. Every triangles can mapped by a Mobius transformation to the triangle 
with vertices 0,1, oo and this how we defined the map ft on every triangle. It is 
directly seen that the definition of ft on an edge Xi (to) does not depend on the choice 
of the triangle that has Aj(to) in its boundary. For example consider the triangle 
Ti(io) that is adjacent to T(to) (recall that T(t) has the vertices at 0, 1, oo and Ti(i) 
has the vertices - e - tr *M, 0, oo). Let A t {w) = e tr '(D + 1. Then A t {Ti(t)) = T(t). 
We define g t : Tj.Qko) -> T x {t) by (At)- 1 o f t o A to where f t : T(t ) T(t) = T(t ). 
It is elementary to see that f t = gt on A,(i)(to)- We define f t on Ti(i ) by setting 
ft = 9t- 

The Beltrami dilatation of ft is given by 

( dft x _ (a x (t, x) - j v {t, z)) + i(0 x (t, x) + j x (t, z)) 



Set 



9z 9z ' (a x {t,x) +j y (t,z)) + i((3 x (t,x) + j x (t, z))' 

fildft ldft\ 

/*(*) = (dS J" z) (t ,z). 



dt 

If y — u(to, x) > 1 — x from ([5]) and §§§ we compute 

MO) = ~ ^(2) + ■- + r i(fcW)))" 

(11) 

If y — u(to, x) < 1 — x then 

Going back to our path i/j : [0, 1] — > T g n we have that \i G L°°(St ) represents the 
tangent vector ^(io) in the tangent space of T 9i „ at the point F T (tor). 

Next, we derive two estimates needed in the proofs of Theorem 2.1 and Theorem 
2.2 below. From gj), ©, (JTTJ) , JDJ we have 



-{<P2{x) + (1 - Ux(<o,a:))(ri (2 ) + ... + r l(fc(z)) )). 



IM«)l<C a (|r <(1) | + |r <(2) |) + i±^O r (r) 



which shows that 



IWIoc<2||r|UC7 2 +^^0 T (r). 
Set C 3 = 2C 2 + 2J^i. Since llrjj^ < O r (r) we get 



(13) H/xlloo <C 3 T (r). 

Remark. It follows from (fl"3"|) that the Teichmiiller norm of the tangent vector ^(io) 
is less or equal to C^O t (t) for every < to < 1. Let S m , m € N, be a sequence 
of surfaces equipped with triangulations r m and let r m € Al(t to ) be a sequence of 
vectors so that Tm (r m ) — ► 0, m — ► oo. Since Hr^co < Tm (r m ) the constant C3 
in (fT3|) does not depend on m. This implies that the Teichmiiller distance between 
the points F Tm (0) and F Tm (r m ) tends to when m — > 00. 
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Let < S < 1. Let k <E N such that k > 2 and such that kS < 1. Assume that 
for every 1 < j < fc we have \ < 5- For z £ -Ei(io) which satisfies that 

y-u(t ,x) < (k-l)e- kSt0 , 

from ([7]) we get that k(z) < k. Then from (fTTj) we have 

(14) |/z(z)| < ^{25C 2 + k5 + 25C 2 + kS + dkS) < C 4 k5, 

where C4 is a constant that depends only on the upper bound for |r^(n| + |r;(2)| < 
28 < 1 that is C4 is a universal constant. 

Furthermore 

J \li{z)\p 2 {z)dxdy = J \n(z)\y~ 2 dxdy = 

Bi(to) -Bi(to) 
1 / (k-l)e- k5t o 00 \ 

= / / Mz)\y~ 2 dy+ J \ii{z)\y- 2 dy \ dx. 

\ u(t ,x) (k-l)e~ kSt o J 

In the first integral above we estimate |/z(z)| by (|14[) and in the second integral we 
estimate \n(z)\ by P^)l . Note that < to < 1 and since k > 2 we have < |. 
From the assumption fc<5 < 1 we have e fcl5 < e, therefore 

|//(z)|^ 2 d2/<10 



(fe-l)e^ fc4t o 



We conclude 



(15) J Hz)\p 2 (z)dxdy<C 5 (kS+^p-), 

Ei(t ) 

where C5 depends only on the upper bound for |r,-(i)| + |rj( 2 )| < 25 < 1, that is C5 
is a universal constant. 

Theorem 2.1. Let S be a surface of type (g, n) (where n > 1 ) and let r be a 

triangulation on S (where X denotes the corresponding set of edges). Fix r S X(t). 
Let < 5 < 1 and denote by N T (5) the number of edges for which the absolute value 
of the corresponding shear coordinate is greater than 6. Then there is a constant C 
that depends only on \ \tWqo so that for any k £ N such that kS < 1 and k > 2 we 
have 



(16) d WP (F T (0),F T (r)) < C 7 ^0 T (r) (kS + + ^pO r (r) 

Remark. Important point in this theorem is that the constant C does not depend 
on choice of the triangulation r or on the type (g, n). It only depends on the upper 
bound on llrlloo. 
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Proof. Let A = {A, e A : |r< | > 5}. Then |A| = N T (S). We enlarge the set A to the 
set A as follows. An edge from A belongs to A if it belongs to a consecutive k-tuple 
of edges that starts at an edge from A (here we take both the left and the right 
oriented consecutive k-tuples). Note that 

\X\ < Ak\X\. 

By t we denote the set of triangles that have at least one of its edges in A. Note 
that 



(17) |f| < 2|A| < 8fe|A| 

TY1 O + £\ II 

dt 



To estimate dwp(F T (o), F T (r)) we need to estimate ||^r(io)||wp for every t a G 



[0, 1]. Here ip : [0, 1] — > T gi „ is the path defined above and we have 



l 

(18) d WP (F T (0),F T (r))< J \\^-(t)\\ WP dt. 

o 

Assume that a triangle T docs not belong to r and let be its edge. As above, 
by Ai(i), Ai(fc), we denote the consecutive k-tuple of edges. For each 1 < j < k, 
we have < S. Applying (fT5|) on -Ei(io) (and repeating the same on i?2(io) 

and E 3 (to)) we get 

J \p(z)\p 2 (z)dxdy <3C 5 (kd+^j^-). 

T(to) 

On the other hand, for a triangle T E r from (JT3J) we get the estimate 

J \p(z)\p 2 {z)dxdy <irC 3 O r (r). 

T(t ) 

This implies that (we express the hyperbolic area of St as tt\t\ = ^|A|) 

J \p(z)\p 2 (z) dxdy < C 6 {kS + ^ + ^O r (r)) , 

St 

where Cq is a constant that only depends on HrHoo. Applying Lemma 2.1 and the 
last estimate we conclude that there is a constant C-j that depends only on HrH^ 
such that 

II^&OI&p < c 2 om (k5 + 9M + Ml 0r (r)) • 

Together with (jT8j) this proves the estimate (fT6|) and this theorem. □ 

The following theorem is the only result regarding Weil-Petersson distances that 
will be used later in this paper. We use the notation from the previous theorem. 

Theorem 2.2. Let tq > and assume that for every r > ro we are given a finite 
type surface S(r) (with at least one puncture) with an ideal triangulation r(r) (the 
corresponding set of edges is X(r)) that determines a point r(r) € X(r(r)) with the 
following properties 
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• There exists a universal constant C > such that {||r m ||oo} < C for every 
r > r . 

• Let 5(r) = re~ r . Then there exists a polynomial P(r) such that 

< P(r)e -r 

• We have O r(r) (r(r)) < 2r 2 . 
Then for some polynomial Pi (r) we have 

d WP {F T{r) (0),F Tir) (r(r))) < P 1 (r)e~i. 

In particular the Weil- Peters son distance between the points F r i r \{Q) and F T ^(r(r)) 
tends to zero when r — > oo. 

Proof. Let k be an integer that is given by 

e= < k < + 1. 

Then k > 2 and kS(r) < 1 for r large enough. The proof follows directly from (JTSJ) 
for this choice of k. 

□ 

3. Constructing finite degree covers of a punctured Riemann 

SURFACE 

3.1. Admissible collections of triangles. The aim of this section is to describe 
how to construct finite degree covers of a given punctured Riemann surface of finite 
type. We also need to keep the track of the geometry of these covers which is 
the motivation for the construction below. From now until the end of the paper 
S denotes a fixed Riemann surface of type (g, n) (we assume that n > 1). The 
corresponding set of punctures in the boundary of S (or simply cusps) is denoted 
by Cusp(5). We number the cusps in Cusp(5) as Cusp(S') = {ci(S), c n (S)}. 
We also fix an ideal geodesic triangulation t(S) on S where X(S) denotes the 
corresponding set of the edges. Most estimates we obtain will depend on the choice 
of S and t(S). 

Let r(5) denote the set of all immersed ideal geodesies on S (all geodesies are 
taken with respect to the underlining hyperbolic metric) . A geodesic 7 on S is said 
to be ideal if both of its endpoints are in the set Cusp(.S') (note that these geodesies 
can have self intersections) . We will say that a triangle T on S is an immersed ideal 
triangle if it lifts to an ideal triangle in the universal cover. The set of all immersed 
ideal triangles is denoted by T(S). If T e T(S) then its edges belong to T(S). 

A geodesic 7 € T(S) does not carry a natural orientation. That is, we have a 
choice of two orientations on each such 7. By T*(S) we denote the corresponding 
set of oriented geodesies. In particular, the set of oriented geodesies from X(S) will 
be called A* (5). For 7* e T*(S) the corresponding unoriented geodesic is typically 
denoted by 7 € T(S). 

Let NT(5) denote the space of all formal sums of triangles from T(S) over non- 
negative integers. Similarly by Zr*(5) we denote the space of all formal sums 
of oriented geodesies over all integers subject to the following rule. If 7J and 7J 
represent the same geodesic with opposite orientations then we have the identity 
7i = -7 2 - 
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We define the boundary operator d : NT(S) -> Zr*(5) as follows. Let T £ T(S) 
and let 7,, i = 1,2, 3, denote its edges. Then dT = 7* + 7 | + 73 where 7* are the 
corresponding oriented geodesies so that the triangle T is to the left of each 7* . In 
other words, the orientation of 7* agrees with the orientation that 7^ inherits as 
the part of the boundary of T (such 7* is called an oriented edge of the triangle 
T). The operator d is extended to NT by linearity. 

Note that the space NT(5) naturally embeds into the corresponding group of 
2-chains on S. Also, Zr*(5) naturally embeds into the corresponding group of 1- 
chains on S. The operator d we defined agrees with the restriction of the standard 
boundary operator on NT (S). Let Hi(S, Cusp(5)) denote the first homology of the 
surface S relative to the boundary of S which is the set of cusps Cusp(5). The class 
of each element of ZL*(5) represents an element in Hi(S, Cusp(5)). In particular, 
for every R £ NT(5") we have that dR is equal to zero in Hi(S, Cusp(S)) (although 
dR is not necessarily equal to zero in T*(S)). 

By G wc always denote a Fuchsian group so that S is isomorphic to H/G. The 
lift of t(S), X(S), A* (5), T(S), T{S) and T*(S) under this uniformisation will be 
denoted by r(G), A(G), A*(G), T(G), F(G) and F*(G). Also, by Cusp(G) we 
denote the set of cusps in the boundary of H (we identify <9H with R), that is, 
Cusp(G) is the set of fixed points of all parabolic elements in G. We can identify 
the quotient Cusp(G)/G with the set of punctures in the boundary of S which we 
denoted by Cusp(S). If T £ T(G) by [T] G we denote the orbit of T under G. We 
identify [T] G with the corresponding clement of T(S). 

The set T*(G) is defined as the set of pairs (T, 7*) where T £ T(G) and 
7* G r*(G) is an oriented edge of T. If g £ G then (g(T), 5(7*)) £ T*(G) as 
well. Set T*(S) = T*(G)/G (this definition does not depend on the choice of the 
group G). The equivalence class of (T, 7 *) is denoted by [(T, 7 *)] G £ T*(S). Set 
Pr s ([(T,7*)] G ) = [T] G £ T(S). Then Pr s : T*(S) -> T(S) is well defined. 

Remark. Let T £ T(S) and let 71,72,73 denote its oriented edges. It can happen 
that 71 =72- This is why we can not define T* (S) as the set of pairs (T, 7*) where 
T £ T(S) and 7* £ F* (S) is an oriented edge of T. 

If (Ti,7*), (T 2 , -7*) G T*(G) then [(T 1)7 *)] G ? [(T 2 ,- 7 *)]. To prove this, 
assume that [(Ti,7*)] G = [(T 2 ,— 7*)]. Then there is g £ G so that 5(7*) = — 7*. 
Also, such g is not the identity map. But then g 2 ( 7 *) = 7*. This implies that 
g fixes the endpoints ci,C2 G Cusp(G) of 7*. Since g 2 (c\) = c\ we have that g 
is a parabolic clement of G and therefore c\ is the unique fixed point of g 2 . This 
contradicts the fact that <? 2 (c 2 ) = C2. 

Fix T £ T(G) and let Rt : H — > H be the standard rotation around the centre 
of T for the angle 2tt/3 (this rotation is of the order three). For (T, 7 *) G T*(G) 
set rot G (T,7*) = (T,R T ( 7 *)) G T*(G). The map rot G : T*(G) -» T*(G) is a 
bijection and rot G is the identity map. It is obvious that rot G and rot G have 
no fixed points. If g £ G then g o R T = R s (t) 9- This shows that the map 
rots : T*(S) -> T*(5) given by rot s ([(T, 7 *)] G ) = [(T, R T ( 7 *))] G is well defined. 
Assume that rot s ([(T, 7*)] G ) = [(T,7*)] G . Then there is g £ G so that g(T) = T 
and so that 3(7*) = Rt(7*)- This implies that g and Rt agree at the vertices 
of T which shows that g = Rt- This is not possible since G is torsion free. The 
conclusion is that the map rots has no fixed points. Since rot s is the identity map, 
we conclude that rot| has no fixed points either. Note that Prs o rots = P r s- 
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Let Cc be a finite set of labels, and let labe : Cc — > T*(S) be a labelling map. We 
say that the pair C = (£c,labe) is a labelled collection of triangles if the following 
holds: 

• There exists a bijection rote : Cc — > Cc so that rot c is the identity map. 

• We have labc ° rote = rot g o labc . 

Since rots and rot s have no fixed points, we see that rote and rot c have no fixed 
points either. 

Choose 7* £ T*(S) and let 7J be its lift to H. We say that a £ £c, 7 * c 
C c if lab c (a) = [(T,7i)]g for some T £ T(G) so that (T, 7l ) £ T*(G). Then 

<T c('Cc,7*) — Cc. f- It follows from the above discussion that the sets £c, 7 * and 

£e,-7* arc disjoint (if the were not there would be an order two element in G as we 
showed above). Let 7^ £ T(S), i = 1, fc, be the set of different edges of triangles 
from Prs (labc )(£<:)■ Choose an orientation for 7* for each 7,-. Then Cc is the 
disjoint union Cc = Cc.-y* U £c,-7j* U ... U £e,7* U £c, ft- 

Set (Pr 5 olab c )(£ c ) - {Ti, T 2 , T m } c T(5). Let fc, = |(Pr s olabc)" 1 ^)!, 
where |(Prg o labc) _1 (Ti)| is the number of elements in the preimage (Prg o labc) _1 (Ti). 
Since rote has no fixed points, and since Prs o rots = P r s we have that fcj = 
for some integer Zj. Then each C induces an element in NT(S') given by 
kxT\ + fcT2 + ... + k m T m = 3l\Ti + 3/2T2 + ... + 3l m T m . If there is no confusion we 
will denote this element of NT(5) by C as well. We define dC as the boundary of 
the corresponding element of NT(5). 

Remark. Every R £ NT(5 I ) where R = l\T\ + + ■•• + ^mT m and U are positive 
integers, induces a labelled collection of triangles as follows (this will be used in 
the proof of Theorem 1.1 in the next section). The corresponding set of labels is 
Cc = {(i, i 1 ) : i = 1, 2, (l\ + I2 + ■■■ + l m ); i' = 1, 2, 3} (note that the set Cc has 
3(Zi + ... + l m ) elements). Let Tj £ T(G) be a lift of T,. Let 7*, %' = 1,2,3, be 
its oriented edges, so that Rt(7i) = 7|- The corresponding labelling map labc is 
given by labc(M') = [{Tplv)]G, for h + ■■■ + Ij-i <i<h + ■■■ + lj. The required 
bijection rote : Cc — > is given by rotc(i, j) = + 1 mod 3). 

Definition 3.1. Let C be a labelled collection of triangles. Let ac ■ Cc — > /^c be a 

bijection. We say that the pair (C,ac) is an admissible pair if the following holds: 

• The map ac is an involution, that is, is the identity map, and ac has 
no fixed points. 

• If a,b £ Cc and ac(a) = b then there are triangles T\,T 2 £ T{G) and 
7* G r*(G) such that lab c (a) = [(7\,7*)]g and labc (6) - [{T 2 ,-j*)] G 
(recall that —7* denotes the opposite orientation 0/7*^. 

If (C,cc) is an admissible pair, we have two bijections ac,rotc : Cc — > ^c- The 
group generated by these two bijections is denoted by (ac,mtc)- 

One can construct examples of admissible pairs as follows. Let Si — > S 1 be a cover, 
where S 1 ! is a finite type surface (recall that in this paper all the covers, except the 
universal cover, are assumed to be finite degree, regular and holomorphic). Then 
there is a Fuchsian group G\ < G so that Si is isomorphic to H/d. Let Ti(Si) 
be a geodesic triangulation of Si and let n(G ! i) denote its lift to H. By if (Gi) 
we denote the set of pairs (T, 7*) where T € ri(Gi) and 7* is an oriented edge of 
T. Same as above, the group G\ acts on t*(G\). By [(T, 7 *)]c?i we denote the 
corresponding orbit, and by t*(j5?i) = t*{G\)/G\ wc denote the corresponding set 
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of orbits. Same as above, we define the map rots 1 ■ ^(Si) — » tI(Si). Then rots 1 
is a bijection of order three. 

Set£ c = r*(Si) and let rot c = rot Sl . For [(T, 7 *)] Gl e t* (5i) set lab c ([(T, 7 *)] Gl ) = 
[(T, 7 *)] G G T*^). One can verify that lab c orot c = rot s olab c . Then C = 
(>Cc,labc) is a labelled collection of triangles. We now define the involution ac- 

Let a e Cc- We want to define ac (a) e Cc ■ Let Teri(Gi) and 7* e T* (G) be its 
oriented edge, so that a = [(T,7*)] Gl . Let T\ be the unique triangle in t\(G\) that 
is adjacent to T along 7*. Set cr c (a) = [(T 1; - 7 *)] Gl • Clearly (Ti,-t*) e Tf(Gi) 
so ere (°) is we U defined. Moreover, ac is of order two. If ac had a fixed point, then 
there would exist an element of order two in G which is not possible. We have that 
(C,ac) is an admissible pair. 

Definition 3.2. The above constructed pair (C, ac) is called a virtual triangulation 
pair. 

If (C(i), ac(i)), i = 1, m, are virtual triangulations pairs, then we can construct 
a new admissible pair (C, ac) as follows. Set Cc = £c(i)U...U£c(m) (here we assume 
that the sets of labels £c(i) are mutually disjoint). On eachC(i) the map rote agrees 
with rotc(i). Also, on each £c(i) the map labc agrees with the map labc(j). Then C 
is a labelled collection of triangles. We define ac to agree with ac(i) on each £c(i}- 
We have that (C,ac) is an admissible pair. 

Definition 3.3. Let (C(i),ac(i)), i = l,...,m, be admissible pairs. We say that 
an admissible pair (C, ac) is the union of (C(i), crc(i)); * = lj m ? '/ ^ e following 
holds. 

• There exist injections 4>t '■ A?(-s) ~~ * s ° that the set Cc is the disjoint 
union of the sets 4>i{Cc(i))- 

• For each tfii we have labc °4>i = ^ a ^>c(i)- 

• We have <f> o rotc(i) = rote °4> an d 4> °~c(i) — °~c 4>- 

We have the following lemma. 

Lemma 3.1. For every admissible triangulation pair (C,ac) there exist virtual tri- 
angulation pairs (C(i), ac(i))> * = lj •••) h so that (C, ac) is the union of (C(i), acu))- 

Proof. We divide Cc into the orbits of the group (ac, rote)- Denote these orbits by 
Cc(i) where i goes through some finite set of labels. Let labc(j), cc(i)i an d rote(i) 
denote the restrictions of the the maps labc, an d r °tc on f ne se t ^C(i)- Then 
each pair C(i) = (C-cn), labc(j)) is an admissible pair, and (C,ac) is the union of 
(C(i),ac(i))- Moreover, the group (cc(i)i r °tc(i)) ac ts transitively on £c(i)- There- 
fore, in order to prove the lemma, it suffices to prove that every admissible pair 
(C,ac) for which the group (demote) acts transitively on Cc is in fact a virtual 
triangulation pair. 

Assume that (C, ac) is an admissible pair, so that the group (ac, rote) ac ts transi- 
tively on C c ■ Let T c * (G) be the space of triples (T, 7* , a) where (T, 7*) G T*(G) and 
where lab c (a) = [(T,t*)]. There is a unique involution er c (G) : T C *(G) -> 7J(G) 
such that ctc(G)((Ti, 7*, ai)) = (T 2 , 7I, a 2 ) if and only if -7* = 73 and a% = ac(a 2 )- 
Define rot c (G) : T*(G) T*{G) by rot c (G)((T, 7*, a)) = (T, R T ( 7 *), rot c (a)). It 
is easy to verify that the group (ac (G), rote(G)) is isomorphic to Z2*Z,3 and that it 
acts freely on T C *(G). Moreover, the collection of triangles from T(G) that appears 
in a given orbit under this action, is an ideal triangulation of H. 
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The group G naturally acts on T C *(G) by g(T,^*,a) = (g(T), 5(7*), a) e T C *(G) 
(note that [(T, 7 *)] = [(g(T), .9(7*))]). If (Ti, 7l *, a), (T 2 , 7 |, a) e T C *(G) thenbydef- 
inition we have [(Ti.,7*)] = [(^2,72)]- That is, there is g € G so that g{T\,^j*,a) = 
(Ti , 7^ , a) . In particular, this shows that the group generated by G and (ere (G) , rote (G)) 
acts transitively on T C *(G). Also, every element from G commutes with every ele- 
ment from (crc(G),rotc(G)). 

Fix (T,7*,a) G 7^*(G) and consider the orbit O = (a c (G), rot c (G)) (T,7*,a). 
Let Gi be the subgroup of G so that g G Gi if 5 preserves the orbit O. If 
(Ti,7f,a), (T 2 ,72,a) G O then there is g € G so that g(Ti,^,a) = (Ti,j^,a). 
Moreover, since g commutes with elements from (ere (G), rote (G)) we conclude that 
g preserves the entire orbit O. This shows that the map ip : OjG\ — > Cc given by 
<fi(T,"/* , a) = a is an injection. Since the group (<7e,rote) acts transitively on Cc 
we find that ip is a bijection. 

Let 5*1 be the Riemann surface isomorphic to H/Gi. Set t*(Si) = 0/G\ and 
denote by t{S\) the union of triangles that appear in 0/G\. Then t(S±) is an ideal 
triangulation of the surface Si. Since t(S±) contains finitely many such triangles 
(the map tf> : t*(Si) —* Cc is a bijection onto a finite set Cc), we see that Si 
is a finite type surface, and the group Gi has finite index in G. Now it follows 
that the admissible pair (C, cc) is a virtual triangulation pair, that via the map ip 
corresponds to the triangulation of Si . 

a 

Consider a labelled collection of triangles C as an element of NT(S). Assume 
that (C,ac) is an admissible pair. We saw above that Cc is the disjoint union 
Cc = Cc :1 * U Cc,—ii U '■■ U ^ c 'ik U ^ e >-7* wnere li € r*(5) are the different edges 
of triangles from Pr5(labc(£c))- Then ac(Cc n *) = Cc,--yf- We conclude that the 
sets £c.7* and £c,-7* have the same number of elements, which implies that 7* 
does not figure in dC. We have that dC is equal to zero in the space ZT*(S). 

On the other hand, if C is a labelled collection of triangles so that dC is zero 
in Zr*(5) then the corresponding sets Cc }1 * and £c.-7* have the same number of 
elements. Again, from the fact that Cc is the disjoint union Cc = <Ce,7j U £c,-7j* U 
... U £c,7* U £c.-7* w e can construct an appropriate involution ere- However, there 
are many ways in which we can do this (unless each £c,7* bas one element). This 
is where the geometric considerations start. Our aim will be to construct these 
involutions so that the pair of triangles that are related by the involution satisfies 
that the hyperbolic distance between the orthogonal projections of the centres of 
these triangles to their common edge, is as small as possible. 

3.2. The definitions of height, 0-horoball and combinatorial length. As 

we said, G denotes a Fuchsian group so that S is isomorphic to H/G. For every 
c G Cusp(G) by G(c) we denote the orbit of c under the group G. Each such orbit 
corresponds to a cusp Ci{S) G Cusp(5). Fix Ci{S) that is we fix the orbit of some 
c G Cusp(G). Let / : H — > H be a Mobius transformation, so that f(c) —00 and 
so that the parabolic element in in / o G o / _1 that generates the corresponding 
cyclic subgroup of / o G o / _1 , is the translation goc(z) = z + 1 (there are many 
such Mobius transformations / but we choose one for each orbit). The group 
G Ci = G c = f o G o f^ 1 is called the normalised group with respect to the cusp 
c. If d G G(c) then G Ci rg) = G c = G c <. There are exactly n normalised groups 
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G c (where n is the number of punctures in the boundary of S) . From now on G is 
one of the normalised groups (if we do not specify which one, then it can be any 
one). The constants we introduce below may depend on the choice of the group G. 
However, since wc consider only finitely many such groups, these constants depend 
only on 5*. 

Definition 3.4. Let z G H c G Cusp(G). Let f be the corresponding Mobius 
transformation that conjugates G onto G c . We have: 

• Set h c (z) = log(Im(/(2;))) where Im(f(z)) is the imaginary part of f(z) G 
H. We say that h c (z) is the height of the point z with respect to the cusp 
c G Cusp(G). 

• Let T G T{G) and denote by ci,C2,C3 G Cusp(G) its vertices. Set h(T) = 
max{|h Cl (ct(T))|, |h C2 (ct(T))|, |h C3 (ct(T))|}. Note that h(T) > 0. 

• Set h(z) = max ceCusp(G) h c (z). 

• Let c G Cusp(G) and let 7 G T(G) be such so that c is not one of its 
endpoints. Denote by z max (7,c) the point on 7 so that h c (z max (7, c)) > 
h c (z) for any other point 267. 

• Let t G R. Set H c (t) = {z G H : h c {z) > t}. We say that H c (t) is the 
t-horoball at c. 

• Let t G R. We set Th G (t) = {z G H : h(z) < t} and Thin G (i) = 
H\Thc(f). 

Remark. We establish the following related definitions. If Ti,T 2 are two triangles 
so that /(Ti) = T 2 for some / G G then h(T x ) = T 2 . This shows that h(T) is well 
defined for every T G T(S). If ci, c 2 are equivalent under G then the projection of 
the horoballs H Cl (t) and H C2 (t) to S agree. Therefore we can define the t-horoball 
TL c {t) G S for every c G Cusp(S'). It is well known that any two 0-horoballs on 
S either coincide or are disjoint (note that the closures of two zero horoballs for 
PSL(2, Z) may touch, but if a Fuchsian group G is a covering group of a Riemann 
surface, then this can not happen) . Therefore, for any z G H there can exist at most 
one cusp c G Cusp(G) so that h c (z) > 0. Moreover, given z G H and any interval 
[a, 00) C R there are at most finitely many cusps c G Cusp(G) so that h c (z) G [a, b]. 
This shows that h(z) is well defined. If g G G then h(z) = h(g(z)). This shows 
that for p G S the value h(p) is well defined. Also, by Th s (t) ={peS: h(p) < t} 
we denote the projection of the set Th G (t) = {z G H : h(z) < t} to S. We have 
Thin s (t) = S\Th 8 (t). 

In the following proposition we introduce certain constants that will be used in 
the proof of the correction lemma below. The constant ^(5*) will be used through- 
out the paper. Since S is of finite type the following numbers are well defined. 

Proposition 3.1. There exist a large enough number ti(S) > a sufficiently 
negative number t2(S) < and an integer N(S) > 1 with the following properties: 

• Let c G Cusp(G) andletN c (S) denote the number of non-equivalent geodesies 
from A(G) that end at c. Then the integer N(S) = max ce r(G) N C (S) is well 
defined. 

• Let c G Cusp(G) and let z G H c (— log(8iV(S'))). Then t±(S) is large enough 
so that z does not belong to any t\{S)-horoball, except possibly the one at 
c. 

• We have e* 1 ^ > 4N(S) and e* l(s) > 4 + 2N{S) + 1. 
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Figure 2. The case N(S) = 3; hoo(z) = h(z) > 

• Let 7 G A(G) and let c\,C2 G Cusp(G) &e its endpoints. Let T G t(G) 6e 
one o/ the two triangles that have 7 in their boundary. Then the number 
t2{S) is sufficiently negative, so that for every point z £ Th.G(ti(S)) and 
z G 7 we have z G H Cl {t2(S)) and z G H. C2 (t2{S)). 

Remark. If t > t' then for every c G Cusp(G) we have Ti c (t) C H c (t'). 

Proof. There are only ^(5)1 non-equivalent geodesies in A(G). Also, the set 7nThc 
is compact in H. The propositions follows from the basic compactness argument. 

□ 

If 7 C H is an arbitrary geodesic segment (or finite or infinite length), by 
1(7, t(G)) we denote the number of (transverse) intersections between 7 and edges 
from A(G). In particular, if 7 G T(G) the intersection number 4,(7, r(G)) is finite. 
For a geodesic segment 7 C S by t(S)) we denote the number of (transverse) 
intersections between 7 and edges from A (5). 
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Definition 3.5. Let 7 £ r(G) and let z £ 7. Let ci, C2 £ Cusp(G) be the endpoints 
of 7. FFe define the combinatorial length JC(-y,z) as 

z ) = T ( G )) + ^(ci, C2, z), 
where ip(c±, C2, z) = i/max{h Cl ( z ), h C2 ( z )} < ti(S') tmd 

^(ci , c 2 , z) = max{ [e h =i W ] , [e h ^ C) ]}, 

i/ max{h Cl ( z ), h c ,( z )} > ti(S). Here [e hc i (s!) ] cmd [e hc 2< 2 '] denote the integer parts 
0/ e c i< z ' and e hc 2(^) respectively. Note that if z £ Tha(ti(S)) then £(7, z) = 
t ( 7 ,r(G)). 

Since the 0-horoballs are disjoint, only one of the numbers h Cl ( z ), h C2 ( z ) can be 
non-negative for any z £ H. ff 7* e T*(G) represents 7 together with a choice of 
orientation on 7 then we set £(7*, z) = /C(7, z). 

The following lemma will be used in the proof of Theorem 1.1 (in the next 
section). 

Lemma 3.2. Let R be a finite type Riemann surface that covers S and let t(R) be 
a geodesic triangulation on R (by X(R) we denote the corresponding set of edges). 
Let r £ X(t(R)) be the vector so that R is the underlying Riemann surface for the 
point F T (fy(r) (see Section 2.). Let A = maxy 6T (m |h(T)|. Then O t ^(t) < 2A. 

Proof. Let Gi be a finite index subgroup of G so that R is isomorphic to H/Gi. 
By r(Gi) and X(G%) we denote the corresponding lifts of t(R) and X(R). We have 
t(Gi) C T(G) so wc can define the height h(T) for every T £ t(G\) (and by 
projecting T to R wc define h(T) for T £ t(R)). 

The sets of cusps for S and R agree. Choose c £ Cusp(G) and let G be nor- 
malised, and c = 00. Let Ai,...,Afe £ A(Gi) be a k-tuple of consecutive edges 
that all end at 00. Let r,; £ R denote the corresponding shear coordinates on A; 
i = 1, k. Let Ti £ t(G\) be the triangle that has \ as its edge, and so that Tj 
is to the left of A* where the orientation A* is chosen so that +00 is to the right of 
A*. Then 

Im(ct(T fe )) = e ri +-+ rfc - 1 Im(ct(Ti)), 

and 

|ri+...+r fc _i| = |log(Im(ct(T fc )))-log(Im(ct(T 1 )))| < | log(Im(ct(T fc )))| + | bg(Im(ct(Ti)))| = 
= Ih^ctCTfc))! + IhooCctCTi))! < 2A. 

Since T ^(r) is the maximum of all the sums of the type |ri + ... + rfc_i| the 
lemma follows. □ 

Next, we determine a set of independent generators for the homology group 
Hi(S, Cusp(S')). Let T> be an ideal fundamental polygon for G so that the edges 
of V sue geodesies from A(G) (every such V has 2{2g + n — 1) edges). Choose an 
orientation on every such edge, so that the identification (given by G) respects the 
orientation. Denote by AQ en (S l ) C A* (5) the set of oriented geodesies, whose lifts 
to the universal cover H are the oriented geodesies from the boundary of T> (if we 
forget about the orientation, the corresponding set of geodesic is called XQ en (S)). 
The set Aq 6I1 (S') contains 2g + n — 1 different elements. Note that the complement 
of the set AQ en (S') in S is simply connected. This shows that the geodesies from 
AQ en (5) generate the group -Hi (5, Cusp(5)). On the other hand, the dimension of 
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the group is Hi(S, Cusp(S)) is 2g + n— 1. This shows that the set ^Q en {S) is a set 
of independent generators. The following proposition is elementary. 

Proposition 3.2. Let R G NT(5). Assume that 

i=l 

where 7j£. G Ag^S 1 ) arl( ^ ^» ^ ^. T/ien fci = /or every i that is dR = in ZT*(S). 

Proof. We have already observed that the homology class of dR is equal to zero in 
H\(S, Cusp(S)). Since ^G en {S) are independent generators the proposition follows. 

□ 

3.3. The Correction lemma. Given a labelled collection of triangles C our aim 
is to equip C with the corresponding involution to produce an admissible pair. This 
of course not always possible. As we saw above, only if dC = in T* (S) one can do 
this. Moreover, we want to be able to construct this involution so that the centres 
of the triangles that are paired are as close as possible. Given an arbitrary C we 
can add more labels to the set Cc and expand the domain and the range of the map 
labc so that we are able to construct the corresponding involution. The purpose of 
this subsection is to prove the lemma which tells us how many labels we need to 
add. 

We first prove a few propositions. All the distances mentioned below are consid- 
ered to in the hyperbolic metric (unless stated otherwise). 

Proposition 3.3. There exists a constant d±(S) > which depends only on S so 
that the following holds. Let c G Cusp and let G = G c c = 00 be normalised. Let 
70 G r(G) with the endpoints Ci,cq G Cusp(G), Ci,ca G R, c\ < C2, and let zq € 7. 
Assume that for 00 G Cusp(G) the geodesic 70 intersects at least 100N(S) geodesies 
from X(S) that end at 00. Also, assume that zq € T^oo (^2 • l' be the geodesic 
that is orthogonal to 70 and that contains z$. Let Ci < x < C2 and y £ R be the 
endpoints of '7' '. We have: 

• There exists C3 £ Cusp(G) so that the geodesic that connects C3 and 00 be- 
longs to A(G) and so that C3 is the closest point to x subject to the condition 
C\ + 2 < C3 < C2 — 2. Let 7j, i = 1, 2, be the geodesic that connects at with 
C3 and let T be the triangle bounded by 70, 71 and 72. Then the distance 
between the centre ct(T) and the point zq is less than d\(S). 

• Assume y > C2 (the analogous statement holds for y < c\). There exists 
C3 G Cusp(G) so that the geodesic that connects C3 and 00 belongs to A(G) 
and so that C3 is the closest point to y subject to the condition C2 + 2 < C3. 
Let 7^, i = 1,2, be the geodesic that connects Ci with C3 and let T be the 
triangle bounded by 70, 71 and 72. Then the distance between the centre 
ct(T) 7 and the point z is less than di(S). 

Proof. The existence of such C3 in both cases follows from the fact that \c\ — c%\ > 
100. We prove the first statement. Assume that \c3 — C2I < \ca — c%\ (the other case 
is done in the same way). Clearly 



(19) 



I a; - c 3 | < 3. 
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Since z G Hcc(t2(S)) it is elementary to see that 



Remark. Let zq = P+iq. If x < 2 then 02 — x < x — c\. This implies x < p < C2- 



We prove the existence of the constant di(S) by contradiction. Assume that 
there is no such di(S). Then there exists the corresponding sequence of geodesic 
7o(m) and points Za(m), m G N, so that d(ct(T(m)), zo(m)) — > oo when m — > oo 
(here T(m) is the corresponding sequence of triangles). Let 



where Ci(m), 02(777), C3(m) and x(m), are the corresponding sequences of points. 
Since 1 03(771) — C2(m)| < 1 03(777) — Ci(m)|, we have that the sequence of trian- 
gles f m (T(m)) after passing onto a subsequence if necessary, converges to a non- 
degenerate ideal triangle T(oo) in H. From the choice of f m we have that f m (02(777)) = 
for every 777 G N. 

If 103(777) — 02(777)! — > 00 then from (p~9|) we conclude that the sequence f m {x(m)) 
converges to x(oo) < 0. If |c 3 ( 777) — 02(777)! remains bounded then from (|20[) . and 
from the fact that |c2 — 03 1 > 2 (which means that this sequence is bounded from 
below as well), we conclude that the sequence / m (x(m)) converges to x(oo) < 0. 
Also, f m (ci(m)) ci(oo) and ci(oo) < a; (00). This shows that the sequence of 
geodesic fm{lo(jn)) converges to a proper geodesic in H. Moreover, / m (zo(m)) 
converges to a point zo(°°) G H. Since d(ct(T(m)), zo(m)) — > d(ct(T(oo)), 20(00)), 
777 — > 00, we obtain a contradiction. The second statement is proved in a similar 
way. □ 

Proposition 3.4. There exist constants d2(S),d,3(S),8(S) > so that the following 
holds. Let 70 G r(G) and suppose 4(70, t(G)) > 0. Let zq g 70 H Thc(ti(5)). Let 
71 G A(G) 6e t/ie geodesic, so that letting w = 70 fl 71 f/ie distance <1(zq,w) is the 
smallest among all the distances between zq and the intersection points between 70 
and geodesies from A(G) (if there are two such closest points w we choose either 
one of them). Assume in addition that if for some c G Cusp(G) the geodesic 70 
intersects at least lOOA^) geodesies from A(G) that all have c as their endpoint, 
then Zq does not belong to the horoball H c (t2(S) — 1). Then, 

(1) We have d(zo,w) < d2{S) and the smaller angle between 70 and 71 is 
greater than 6(S). 

(2) Let c\ G Cusp(G) be an endpoint 0/71. Let 7 ,7o € T(G) be the geodesies 
that connect c\ with the two endpoints of 70 respectively. Let T G T{G) 
be the triangle bounded by 70 7 and 7 '. Then i(7 ,r(G)) + ,t(G)) < 
7(70, r(G)) — 1. Moreover, there are points £ 7J fl Thc(ti(5)) and 
z'q G 7q nThc(r;x(S')) .so that the distance between the centre of the triangle 
T and any of the points zq, z' , z'q is less than ^(S 1 ). 

Proof. We first prove (1). Let 70(777), m G N, be a sequence of geodesies, and 
zo(m) G 70(777) a sequence of points, so that 70(777) and Zo(m) share the above 
stated properties of 70 and zq. Let 71(777) G t(G) and 70(777) G 71(777) be the 
corresponding geodesies and points. Assume that either d(zo(m),w(m)) — > 00 or 



Then one shows that max{(c2 — p), (p — x)} > | > 




fm{z) 



(z - 02(777)) 



|03(m) - 02(777)! ' 
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that the angle between 70 (to) and 71 (to) tends to zero, when m — * 00. Since 
zo(to) £ Tha(ti(S)) we can choose f m £ G so that after passing to a subse- 
quence if necessary, we have f m (zo(m)) — > zq(oo) £ H. Therefore, we may as- 
sume that Zo(m) — > zq(oo) £ Thc(fi(5)). Let 70(00) be a geodesic in H where 
7o(to) — > 70(00). If d(zo(m), w(m)) — > 00 then the geodesic 70(00) docs not inter- 
sect any geodesies from A(G). We conclude that 70(00) £ A(G). If the sequence 
{d(zo(m), w(m))} is bounded, then the sequence of geodesies 71 (to) tends to a ge- 
odesic 71(00) £ X(G). If the angle between 70 (to) and 71 (to) tends to zero, when 
to — ► 00 then 70(00) = 71(00) and we again conclude that 70(00) £ A(G). 

Let ci(oo), 02(00) £ Cusp(G) denote the endpoints of 70(00) £ A(G). Since 
zo(oo) £ Thc(ti(S)) we conclude from Proposition 3.1 that zo(°°) belongs to both 
horoballs H Cl (oo)(t2(S)) and H C 2(oo)(t2(S)). Therefore, for mo large enough, and 
for every to > too we have 



Note that Ti, Cl (oo)(t2(S) — \) is contained in the horoball H cl (oo) (t<2,{S) — 1) (the same 
is true for 02(00)). On the other hand, since 70 (to) — > 70(00) and 70 (to) 7^ 70(00) 
(since by the assumption of the lemma we have that 70 (to) does not belong to 
A(G)), we conclude that the number of geodesies from A(G) that have either Ci(oo) 
or 02(00) as their endpoints, and that are intersected by 70 (to) tends to 00. Let 
TOi > too be large enough, so that 7o(toi) intersects at least 100N(S) + 1 geodesies 
from A(G) that all have ci(oo) as their endpoint (the case when these geodesies 
end at 02(00) is similar). From this and from (j2Tj) we obtain a contradiction with 
the assumption that zq (toi) does not belong to a £2 (5) — 1-horoball of any cusp 
c £ Cusp(G) when 7o(toi) intersects at least 100N(S) geodesies from A(G) that 
end at c. 

Next we prove (2). Every geodesic from A(G) that intersects 70 either intersects 
exactly one of the geodesies j' or. 7q or this geodesic ends at c\. Since 71 £ A(G) 
has ci as its endpoint, we see that t(7 , t(G)) + i(7g, r(G)) < 1(70, r(G)) — 1. 

We prove the last part of (2) by contradiction. The argument is very similar as 
in the proof of (1). Let 70 (to) £ L(G), to £ N, be a sequence of geodesies, and 
zo(m) £ 7o(to) (~1 Thc(ti(S)), to £ N, a sequence of points. Let 7 (m) and 7q (to) 
be the corresponding sequences of geodesies, and let T(m) be the corresponding 
sequence of triangles, where ct(T(m)) denotes the centres of T(m). Assume that 
at least one of the distances d(ct(T(m)), z (m)) d(ct(T(m)),Th G (ti(S)) n 7 (to)) 
or d(ct(T(m)), Tha(ti(S)) fl Jo(m)) tends to 00 when m — > 00. Same as above, 
we can assume that zo(m) — > zo(oo) £ H and 70 (to) — > 70(00). From the con- 
clusion (1) of this lemma that was proved above, we conclude that T(m) con- 
verges to an ideal triangle T(oo). In particular, 7 (to) — ► 7q(oo) and 7q(to) — > 
7o(oo). Also, ct (T(m)) -> ct(T(oo)) where ct(T(oo)) is the centre of T(oo). Since 
d(ct(T(m)), zo(to)) — ► d(ct(T(oo)), z (oo)) we see that d(ct (T(m) ), z (to)) does 
not tend to 00. This means that one of the distances d(ct(T(m)),ThG(ti(«S')) fl 
7 (to)) or d(ct(T(m)),ThG(£i(5))ri7Q (to)) tends to 00 when m — > 00. This implies 
that at least one of the geodesies 7 (oo) or 7 '(oo) is contained in H\ Thc(ii(5)). 



z (to) g W cl ( 0O )(i 2 (S') 



(21) 



z (to) G H C2 ( 00 )(t 2 (5') 
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Since ti(S) > we have that the set H\Thc?(ii(5')) is a union of disjoint horoballs 
(the base points of these horoballs are in Cusp(G)) in H. Since every geodesic in H 
is a connected set, we conclude that at least one of the geodesies 7q(oo) or 7q (oo) 
is contained in a horoball in H. This is a contradiction. □ 

We will use the following definition: 

Definition 3.6. Let 7 G A(G) be a geodesic. Let Ti,T% G t(G) be the two triangles 
that are adjacent along 7. By mid (7) we denote the intersection point between 7 
and the geodesic segment that connects the centres of the triangles T\ and Ti . 

We now prove the Correction Lemma. 

Lemma 3.3. Let 70 G T(G) be a geodesic, and let 7q G T*(G) be the geodesic 
70 with a chosen orientation. Let zq G 70 be a point. Then there exists an ideal 
polygon V with a triangulation t(V) that has the following properties: 

(1) The geodesic 70 is an edge ofV and all other edges ofV are geodesies from 
AGen(G) where AGcn(G) is the lift of \G en (S) to H. 

(2) The polygon V is to the right ofjQ. 

(3) There exists a constant D > which depends only on S so that the centres 
of any two adjacent triangles from V are within the D hyperbolic distance. 
If T G t(V) is the triangle adjacent to 70 then the distance between the 
centre of T and the point z$ is less than f . If T G t(V) is a triangle 
adjacent to another edge 7 of V then the hyperbolic distance between the 
centre of T and the point mid(7) € 7 is less than 

(4) There exist constants C,K > which depend only on S so that \t(V)\ < 
C(/C(7o,zo)) + K. Here ^(T 5 )! stands for the total number of triangles in 
V. 

Proof. First consider the case when £(70, z ) = 0. We allow any orientation on 7q. 
Then we have 70 G A(G). Moreover, let Ci,c 2 £ Cusp(G) be the two endpoint of 
7o. In this case we have that h Cl (zo), h C2 (z ) < ti(S). We build the corresponding- 
polygon as follows. Let T be the triangle from t(G) that is to the right of 7J. If 
an edge of T belongs to the set Agcii(G) we do not add any more triangles along 
this edge. If an edge of T does not belong to AGen(G) we glue the corresponding 
triangle from r(G) to the right of this edge. We repeat this process until all the 
edges of the polygon V we obtained are all from AGen(G) (except the edge 70). This 
process has to end because the geodesies from AGen(G) are the edges of an ideal 
fundamental polygon for G. This way we have also constructed the corresponding 
triangulation t(V) of the polygon V . 

We repeat this construction for every 70 € A(G). If / G G and /(70) = 7o then 
the corresponding polygon for 7^ is the image of the corresponding polygon for 70 
under the map /. So, we need to consider only |A(5)| different geodesies from A(G). 
Since 70 H Thc(fi(S)) is a compact set in H by the compactness argument we find 
that there exist constants D\ > and K > so that for every such 70 € A(G) the 
corresponding polygon V satisfies that ^(T 5 )! < K. Also, the distances between 
the centres of adjacent triangles in V are bounded by D\. The distances between 
the centres of boundary triangles, and the corresponding points on the edges of V 
are bounded by 

We now prove the general case by induction. We first determine the constants 
D, C from the statement of the lemma (the constant K has already been defined). 
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Set 

D = 2(D X + 2d 3 (S) + (64 + log 32) + 2d 1 (S) + 2 log(4A(S*) + 1)) 

Let 



!£M 1 _ 2 _ N(S) - 

Recall that we chose ti(S) large enough so that the denominator is a positive 
constant. Set 

C = {2K + 1) + 10K + C x . 
The numbers that appear in the definition of C and -D, will appear in the arguments 
below. 

The proof is by induction on m = JC(jo,zq). The case = m = JC("fo,z ) has 
been done above. Fix m G N and assume that the statement of the lemma is true 
for every non- negative integer that is less than m. We now prove that the statement 
for m. There are four cases to consider. 

Case 1. In this case we assume that zq G Thc{ti(S)). Moreover, we assume that 
if for some c G Cusp(G) 70 intersects at least 100iV(5) geodesies from A(G) that all 
end at c then the point Zq does not belong to H c (t2(S)) (then Zq does not belong to 
HcfeiS) — 1) cither, so we may apply Proposition 3.4). We allow any orientation 
7o- We have K (70,20) = 4(70, t(G)) = m. 

We apply Proposition 3.4. That is, there are geodesies 7o,7o G T(G) so that 
there exists a triangle T G T(G) that is bounded by 70, 7 and 7 ' . Moreover, there 
are points z' G 7 n Th G (ti(S)) and z% G 7 ' H Th G (ii(S)) so that the distance 
between the centre of the triangle T and any of the points zq,Zq,z'q is less than 
d 3 (S). Also, we have that 1(7^, t(G)) + 4(7^, r(G)) < 4(70, r(G)) - 1 = m - 1. We 
choose the orientations of 7q* and 7q* so that 70 is to the left of both of them. 

Since z' Q , z% G Th G (ii(5)) we have K(i Q ,Zo) = i{i Q , r(G)) and K{i^,Zo) = 
4(7q, t(G)). By the induction hypothesis, the statement is true for both pairs 
(7o*,Zq) and (7q*,Zq). We glue the corresponding triangulated polygons to the 
right of 7g* and 7q* respectively. Together with the triangle T this gives the 
needed polygon V . We have (using G > A' + 1) 

\t(V)\ < l+CK(y 0> 4)+CIC(^,4)+2K = (2A+l)+G(/C( 7 o,2o)-l) < CK{ l0 ,z )+K. 

By the induction hypothesis, the distances between the centres of adjacent triangles 
in the two polygons we have glued along 7q and 7g are less than D. Also, by the 
induction hypothesis, the distances between the points z' Q and z'q and the centres 
of the corresponding triangles in those glued polygons, that contain the points z' 
and z'q in the their boundaries respectively, are less than Since the distance 
between the centre of the triangle T and any of the points zq,z' ,Zq is less than 
ds(S) <|we have that the distance between the centre of T and either one of the 
two adjacent triangles to T in V is less than D. This shows that all the distances 
between the corresponding points in V are within D or y as required. This settles 
the first case. 

Case 2. Let c%, C2 G Cusp(G) be the endpoints of 70. In this case we assume that 
max{h Cl (z ), h C2 (z )} > ti(S). For the sake of the argument assume h Cl (z ) > 
ti(S). We allow any orientation on 70. Normalise G that is G = G Cl and c\ = 00. 
Also, assume that the orientation of 7q is such that the pair (02, 00) has the positive 
orientation on 7q (the other case is done analogously). Let k = 4(70,20)- Then 
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j e h 00 (z )j = 772 — k. Let C3 G Cusp(G) be the point on R denned as follows. We 
require that the geodesic that connects C3 and 00 belongs to A(G). Then, C3 is the 
smallest such point subject to the condition 

gh oo (2 ) 

C2 + lN{S)- C3 - 

Let 71 G r(G) be the geodesic that connects C2 and C3 (we fix the orientation of 7J 
so that 00 is to the left of 7^). Since G is normalised, we have 

3 h oo (2 ) p h oo (z ) 



e 



< c 3 - c 2 < , , r . „, + 1, 



4iV(S) J z 4iV(5) 
and this yields 

K7i,r(G)) < k + + lj ^Voo(5) < fc + + 1 + JV(S). 

Let zi = z max (7i,oo). Since (c 3 -c 2 ) > we have that z x G 7Yoo(- log(8iV(5))) 

and therefore by the choice of t\{S) in Proposition 3.1 the point z\ does not belong 
to any ?; 1 (S')-horoball (except possibly the one at 00 which is not an endpoint of 
71). This implies that 

/C(7i,zi) = 1(71, t(G)). 

Let 72 be the geodesic that connects C3 and 00 (we fix the orientation of 72 so 
that C2 is to the left of 73). By the choice of C3 we have that 72 G A(G). Let z 2 G 72 
be the point whose imaginary part is e °° 4 ' 0> . Since 

ghoofzo) e ti(S) 

we have that Z2 does not belong to any t\ (S')-horoball except possibly the one at 
00. We have 

„h oo (z ) [^00(20)1 

/C( 7 2^ 2 ) < [e h - (z2) ] < < + 1. 

By the induction hypothesis, we have that the statement of the lemma is true 
for both pairs (7^,21) and (72,22)- We construct the polygon V by gluing the 
corresponding polygon for 71 to the right of 7^ and the corresponding polygon for 
72 to the right of 72 . We also add the triangle T G T(G) bounded by 70 71 and 72 
to V. Combining this with the above estimates (and the definition of G) we have 



\V\ < 1 + C(k + i — - — + 1 + N(S)) + C{} — - — + 1) + 2K < 

f p h oo (z )l 

< 1 + C(k + ^— — S - + 2 + N(S)) + 2K < 

< C(k + [e h -( z °)]) + K + (K + 1 - C(L^ - 2 - N(S))) < G/C( 7o , z ) + K 

Note that the distance between the centre of T and any of the points zq, z±, z 2 is less 
than log(4iV(5) + 1). One now shows that the distances between the corresponding 
points in V arc within D or in much the same way as in the Case 1. 

Case 3. The only case left to consider is when zo G Tha(ti(S)) but when there 
exists c G Cusp(G) so that zq belongs to H c (t2{S)) and where 70 intersects at least 
100iV(5) geodesies from A(G) that end at c. In this case 70 can not have c as its 
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endpoint. Moreover, /C(7o,Zo) = L ("/o,i~(G)) = m. Assume that G is normalised, 
G = G c . Let ci,C2 £ Cusp(G), c\ < c 2 , be the endpoints of 70. We first consider 
the case when the orientation of 7q is such that the cusp c is to the left of 70. 

Let 7q be the geodesic that is orthogonal to 70 and that contains zq. Let c\ < 
x < c 2 be the corresponding endpoint of Tq. Since 70 intersects at least 100N(S) 
geodesies from A(G) that end at 00 we can choose a point c 3 £ Cusp(G) so that the 
geodesic that connects C3 and 00 belongs to A(G) and so that C3 is the closest such 
point to the point x subject to the condition c\ + 2 < C3 < c 2 — 2 (see Proposition 
3.3). Let ji £ T(G) i = 1,2, be the geodesic that connects a with C3. Choose 
the orientation of 7* so that 00 is to the left of 7*. Let T £ T(G) be the triangle 
bounded by 70, 71 and 72. Let Zj, i = 1,2, be the orthogonal projections of the 
centre ct(T) to the geodesic 74. Since |cs — a\ > 2, i = 1,2, it is easily seen that 
hoo(-Zi) > 0. We conclude that the point zi does not belong to the ^(S^-horoballs 
at Ci or c 3 . Therefore, 

K.(ii,Zi) = t(7i,r(G)),t = 1,2. 

From Proposition 3.3 we have that 1(71, t(G)) + 1(72, t(G)) = 1(70, t(G)) — 1 = 
/C(7o,zo) — 1. By the induction hypothesis, the statement of the lemma is true 
for the pair (74,24). We glue the corresponding polygons to the right of 7*. Let 
T £ T{G) be the triangle bounded by 70, 71 and 72. We add this triangle to obtain 
the required polygon V . We have 

\t{V)\ < l+CJC(- n ,z 1 )+K+CJC( l2 ,z 2 )+K < G/C( 7o ,zo)+(2A"+l)-G < CK(y , z Q )+K. 

By Proposition 3.3 the distance between the centre of T and the point zq is less 
than di(S). By the definition of Z\ and z 2 the distance between the centre of T 
and the point Zi is less than 1 (the distance between the centre of an ideal triangle, 
and its orthogonal projections to one of its sides is less than 1). In much the same 
way as before one shows that the distances between the corresponding points in V 
are within the required bounds. 

Case 4. The assumptions are the same as in Case 3. except that the orientation 
of 7J is such that 00 is to the right of 7$. Let y denote the second endpoint of 7q 
and assume that y > c 2 (the case y < c\ is treated similarly). Recall fC (70,20) 
/:'::■ t(G)) = m. Let m3 denote the number of geodesies from A(G) that all end at 
00 and that are intersected by 70. Let mi denote the number number of geodesies 
from A(G) that are intersected by 70 and that are to the left of those geodesies 
we counted for 7713. Let m,2 denote the number of geodesies from A(G) that are 
intersected by 70 and that are to the right of those counted for 7713. Then mi + 

7712 + 7Ti3 = m. 

Choose a point C3 £ Cusp(G) (see Figure |3~3|) so that the geodesic that connects 
C3 and 00 belongs to A(G) and so that C3 is the closest such point to the point y 
subject to the condition c 2 + 2 < C3 (sec Proposition 3.3). Let k be the integer so 
that 

(22) log 2 [c 2 - ci] - log 2 [c 3 - c 2 ] < k < log 2 [c 2 - Ci] - log 2 [c 3 - c 2 ] + 1, 

where [c 2 — c{\ and [03 — c 2 ] denote the corresponding integer parts. Note that 
> [c 2 — ci]N OQ (S) — 1. This gives 

£(70, z ) > [c 2 - ci]iV 00 (5'). 
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Figure 3. 



First consider the case k > 3. Let Cj+3, i = 1, k — 3, be given by 

Ci+3 = C3 + ^2 2 J [c 3 - C 2 ] . 

j=i 

Let 7j S r(G), i = 0, k— 2, denote the geodesic that connects c\ and Cj+2- By 7, 
denote the geodesic that connects c i+ i and Cj+2, i = 0, fc— 2 (with this definition, 
the geodesies 70 and 70 agree). Let 71 be the geodesic that connects c\ and 00, and 
7/c the one that connects Cfc and 00. Let T, + i be the triangle bounded by 7$, 7^+1 
and Ts+i- By T denote the triangle bounded by 71, 7fc and 7^-2- 

Note that by the construction, the distance between the centres of adjacent 
triangles T; and 7V|_i is less than log 2 < 1. It is directly seen that the distance 
between ct(Tfc_2) and ct(T) is less than log 32 + 64. By Proposition 3.3 the distance 
between zq and the centre of the triangle T± is less than di(S). 

Let Zi € 7j, i = 1, k—2, be the points that are the orthogonal projections of the 
centres of triangles T, to 7^. Since (03 — C2) > 2 we have that the centre of T, is high 
enough with respect to 00 so that h oc (zj) > 0. Therefore, /C(7i,2i) = i(7i,r(G)). 
Since for both endpoints of ji, i > 2, we have that there are geodesies from A(G) 
that connect those points to 00 we have that 



zi) < 2 l [c 3 - c 2 }N OQ {S) - 1 + mi + m 2 , 
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for i > 2. For the pair (71, zi) we have 

/C(7i > zi)<ma + 2[c3-P2]JVoo(S). 



On the other hand, let Z\ € 71 and Zk € 7fe be the points whose imaginary parts 

[c 2 - ci] 



are equal to ^ 2 g Cl ^ . Then 



/C(7i,?i) <m 1 + 

o 

and 

M7fcj z k ) < . 

Also, it is easily seen that the distances between the centre of the triangle T and 
the points z\ and % are less than log 64 < 8. 

We now apply the induction hypothesis on the pairs (71, i = l,...,fc — 2, 
(71, (7fc_2,2fc-2)- We put the corresponding orientations on these geodesies, so 
that 70 is to the left of them. After gluing the corresponding polygons to the right 
of the corresponding geodesies, and adding the triangles Ti and T we obtain the 
polygon V . We have 



2— k 2 

\t(V)\ < (fc-2)+l+C V ?[c 3 -c 2 }N x (S)+Cm 2 +C(m 1 + ^-^)+C^-^-+kK < 

. — ' o o 

1=1 

< (fc + l)K - 1 + C(mi + m 2 + l_LZf_l + 2 fc " 1 [c 3 - c 2 ]A^o(S)) < 
<(k + l)K-l + C(mi + m 2 + [ ° 2 ~ ° l] + [C2 2 Cl] iVoo(^) + \) < 

< C(m 1 +m 2 +[c 2 -c 1 )N 0O (S)-l)+K+^C - C ^ 2 ~ + fcg^ < C/C( 7o , z )+A'. 

The last part of the above estimate follows from (|22[) . the fact that c 2 — c\ > 100 
and the property C > 10K. 

Let < k < 3 in the above construction. Let 71 and 72 be the geodesies that 
connect C\ and c 2 with cxd, respectively. Let T be the triangle bounded by 70, 71 
and 72. Let z\ € 71 and z 2 S 72 be the corresponding points (chosen in the same 
way as above). We now glue the corresponding polygons (whose existence follows 
from the induction hypothesis), to the appropriate sides of 71 and 72. We also add 
the triangle T to obtain the polygon V . The rest is proved in the same way as in 
the case k > 3. □ 

4. Measures on triangles and the proof of Theorem 1.1 

4.1. Measures on triangles and the d operator. Let N 1 r(S') and N 1 T(C7) 
denote the unit normal bundles of T(S) and T(G) respectively. Here N 1 r(5) is the 
union of the normal bundles iV 1 7, where 7 € r(S'). Every point in ./V 1 ^ is a pair 
(z, n) where z € 7 and n is the unit vector in the tangent space T S at z that is 
orthogonal to 7. Every point (z,n) € N 1 ^ corresponds to a unique pair (7*,z), 
where 7* G T* and z e 7, such that the vector n points to the left of 7*. 

Connected components of N 1 r(S') are the normal bundles N 1 ^*, where 7* e 
T*(S), and N 1 r(S') is the disjoint union N 1 r(S') = U re r*(s)^V- The normal 
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bundle N lr y* is the subset of the normal bundle N 1 ^ that contains the unit vectors 
that are pointing to the left of 7*. Note that for a fixed geodesic 7 and a chosen 
orientation 7* the space N 1 ^* is a connected 1-manifold. This manifold is identified 
with 7 by the obvious projection map N 1 ^* — > 7. Therefore, the set N 1 r(S l ) is 
a 1-manifold with countably many components. Note that the group G acts on 
N 1 r(G) and N x r(5) = N 1 T(G)/G. 

Remark. Since every point in N 1 T(G) corresponds to a unique pair (7*, z). There- 
fore, we define the combinatorial length mapping JC : N 1 T(G) — > N as JC(z,n) = 
/C(7*, z), where ft points to the left of 7*. The induced map JC : N 1 r(5) — > N is 
also denoted by JC. 

Definition 4.1. Let 7 be a geodesic in H. We define the foot projection foot 7 : 
H\7 — > iV 7 as follows. Let w G H\7 and let z G 7 denote the orthogonal projection 
of w to 7. Then foot 7 (w) £ N 1 ^ is the point (z,ri) such that the geodesic ray that 
starts at (z,ri) contains w. 

Unless otherwise stated, all measures in this paper are positive, Borel measures. 

Definition 4.2. If X is a topological space, then Ai{X) denotes the space of posi- 
tive, Borel measures on X (necessarily finite). If X is a countable set, we equip X 
with the discrete topology. In particular, by M(T{S)) and A / ((N 1 r(5)) we denote 
the spaces of positive, Borel measures on the set of triangles T(S) and the manifold 
N 1 r(5 l ). The corresponding spaces of measures onT(G) and N 1 T(G) are denoted 
by M{T(G)) and 7W(N 1 r(G)). 

Remark. Note that NT(S) can be seen as the subset of M(T(S)). EachiJG NT(5) 
induces a measure in M(T(S)) in the obvious way (if R = k{T\ + ... + k m T m then 
the corresponding measure u G A4(T(S)) satisfies that //(Tj) = fej). 

We define the d : M{T{S)) -> 7W(N 1 r(5)) operator as follows. The set T{S) 
is a countable set, so every measure from M(T(S)) is determined by its value on 
every triangle in T(S). Let T € T(S) and let 7, € r(5), i = l,2, 3, denote its edges. 
Set Vi = foot 7i (ct(T)) where ct(T) is the centre of T. Choose fj, G M(T{S)). Let 
a T e J M(N 1 L(5)) be the atomic measure, supported on Vi, V2 and V3 such that 
a T (Vi) = fi(T). We define dfi = ae 7W(N 1 r(S')) as 



If [i G A1(T(5)) is a finite measure, then 9/x is a finite measure as well. Moreover, 
the total measure of d\x is three times the total measure of /z. 

4.2. Transport of measure. In this subsection we define the notion of equivalent 
measures. The following is the standard result in measure theory. 

Proposition 4.1. Let Ui G A4(R), i = 1, 2, be two finite measures on the real line 
R. Let K > 0. The following conditions are equivalent: 

(1) For every a G R t/ie following inequalities hold 

(23) /ii (— 00, a] < /i2(— co, a + A'], /X2(— 00, a] < //i(— 00, a + A]. 

(2) T/ie total fix and U2 measures o/R coincide, that is /^i(R) = /i2(R)- There 
exist mappings ipi ■ (0,/ii(R)] — > R so f/iaf (V'i)* (^) = A*j o«d H^i - halloo < 
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K. Here v denotes the Lebesgue measure on the interval (0, ^ti(R)] and 
denotes the push-forward of the measure v under ipi. Moreover, 
the mapping ipi is non- decreasing and left continuous. 
(3) There exists a topological space X with a Borel measure r\ £ M(X) so that 
the following holds. There exist mappings ipi : X — > R so that (tpi)*(rj) = fa 
and \ \ipi - ip 2 1 |oo < K. 
If either of these three conditions is satisfied we say that fa and fa are K -equivalent 
measures. 

Remark. If g(x) = x + c is a translation, then the measures fa and fa are K- 
equivalent, if and only if the measures g*fa and g*fa are. Here g»fa denotes the 
push-forward of the measure fa by g. Since g is a homeomorphism the similar 
statement is true for the pull-backs of fa and fa. Also, note that the relation 
of being ^-equivalent is symmetric. Moreover, if a pair of measures fa, fa is K\ 
equivalent, and a pair V\, vi is /^-equivalent, then the measures fa -\-v\ and fa + ^2 
are max.{K\, ^j-equivalent. 

Proof. The implications (2) — > (1) and (3) — ► (1) arc elementary. We prove (1) — > 
(2). This also proves (1) — > (3) since one can take X = (Q, fa(R)]. 

Note that (|23[) implies that the total fa and fa measures of R coincide, that is 
£ti(R) = A*2(R)- Set / = (0, ^i(R)]. Define ipi as follows. Set 

Ei(x) = {y e R : fa(-oo,y] > x}, 

for i = 1,2. Let il>i(x) = miEi{x) = minEi(x). The fact the infimum of the set 
Ei(x) belongs to this set follows from the countable additivity property of measures. 
In particular. 

dfa > x. 



Note that ipi is non-decreasing. It is elementary to check that = fa- We 

now show that — 1P2W00 < K . Let x € I. It follows from (|23p that 

x < / dfa < / dfa. 



This shows that (ipi(x) + K) e E 2 {x). We conclude ip2{x) < ipi(x) + K. Similarly 
one shows ipi(x) < ^2(2^) + K. This proves the proposition. □ 

For 7 £ L(5) let <j> : R —> 7 be an isometric parametrisation (from the Euclidean 
metric on R to the hyperbolic on 7). Every other isometric parametrisation is 
obtained by pre-composing by a translation on R. Let a £ A / J(N 1 r(5')) and let 
7* £ T*(S). The restriction of the measure a to N 1 ^* is denoted by a 7 ». Same as 
before, we identify (in the obvious way), the manifold N 1 ^* and 7. Therefore, the 
pull-back measure 0*a 7 » is well defined. 

Definition 4.3. Leta,a' £ N 1 L(S') and let K > 0. For-f £ T(S) letj*(l),j*(2) £ 
T*(S) denote the two orientations on 7. Let <p : R — * 7 be any isometric parametri- 
sation. We have 

• If for every 7 £ T(S) the measures 0*a 7 »(i) and <P* a ' 1 *{i)j * = 1,2, are 
K -equivalent, then we say that the measures a and a 1 are K-equivalent. 
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• If for some 7 G T(S') the measures (f>* a 7 « (1) and (/)*a 7 *(2) are K-equivalent, 
we say that the measure a is K-symmetric on 7. If a is K -symmetric on 
every 7 G L(S') then we say that a is K-symmetric. 

The above definition does not depend on the choice of the paramctrisation <j) (see 
the above remark). 

The following propositions are needed in the proof of Theorem 1.1 below. 

Proposition 4.2. Let < e < 1. Let ai,a 2 G .M(R) be discrete measures with 
finitely many non-trivial atoms, and suppose that ct\ and cx 2 are K-equivalent. Then 
there are measures a^ at ,a- G M(R,), i = 1,2, so that a- at + a- = a, and a\ at and 
a"' are K equivalent. Also, a\ at has atoms of rational weights, and the weight of 
any atom of is at most e. 

Proof. Let G R and bj G R denote respectively the points where ot\ and oti have 
non-trivial atoms. Set Xi = ai(a^) and yj = a 2 {bj). Let mi be the total number of 
atoms a; and let m 2 be the total number of atoms bj. Set m = mi + m 2 . Also, let 
A be the minimum of all non-zero weights of atoms of both measures, and B the 
maximum of all non-zero weights. 

Since a\ and a 2 are i^-equivalent, we have that (|23[) holds. Since ai and a 2 
have finitely many atoms, the condition (|23[) becomes a finite systems of linear 
inequalities with integer coefficients, in Xi and yj. Each such inequality has the 
form 

^ax{i)xi < ^o- 2 {j)y 3l 

or 

j i 

where every cri(i), cr2(j) is either 1 or 0. If we treat Xi and yj as real variables, 
then we conclude that this system of linear inequalities has a non-trivial solution. 
In fact, the set of solutions of each above inequality is a half-space in R m (each half 
space contains the origin in R m ). The set of the solutions of the entire system is the 
intersection of all these half-spaces in R m . We denote this set by Sol. Let TV G N 
and let Sobv = Soln{|xi|, \yj\ < N}. We have that SoIat is a convex polyhedron 
(possibly degenerate) in R m . By the Krein-Milman theorem. SoLy is the closure 
of the convex combinations of the extreme points on Soljv (there are finitely many 
extreme points). Each extreme point is the unique solution of a certain system 
of equations with integer coefficients. Therefore, every extreme point is a rational 
point in R m . We conclude that the rational points in R m are dense in every Soly 
and therefore the rational points are dense in Sol = Uat^n SoIjv. 

If Xi and yj is the only solution to this system, then these numbers have to 
be rational. If this is not the only solution, then we can choose rational solutions 
x- at and yj at to be as close to xi and yj as we want. Fix any ei > and let x- at 
and ?/j at be rational numbers that satisfy all the above inequalities, and such that 
Aei > \xi — ccf at I and Aei > \yj — yj at |. Let t be a rational number so that 
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Then tx\ at < Xi and ty vat < yj and also tx\ at and ty Tat satisfy all the above 
inequalities. Moreover, the following inequalities hold 

\x t -xr\ <e 1 (^ + Ae 1 + 2e 1 2 ), 

and 

\y j -yT\<tl{™+Ae 1 +2e l *). 

Choose ei small enough so that £i(^j- + Ati + 2e x 2 ) < e. 

Let a\ at be the measure with the same non-trivial atoms as ot\ and a\ at (a{) = 
tx\ at . Similarly define a 2 at (bj) = ty Tat ■ Set a[ = a x - a[ at and a 2 = a 2 -a 2 at . The 
measures a\ and a' 2 are non-negative, and the weight of any atom under either of 
these two measures is less than e. Since tx\ at and ty rat satisfy the same inequalities 
as Xi and yj wc conclude that a\ at and ct 2 at are if -equivalent. □ 

Let L be a finite set. By -d^ G M(L) we denote the counting measure, that is if 
L\ C L then i?l(Li) is equal to the number of elements in L±. On the other hand, 
we say that a Borel measure is integral if the measure of every set is an integer. 
The following proposition is left to the reader. 

Proposition 4.3. Let L be a finite set, and let T : L — > A be a junction. Suppose 
that T*(??i) = a.\ + a 2 such that o>i,o>2 € M(A) are integral measures. Then we 
can write L = L\ U L 2 where L\ and L 2 are disjoint, such that T^i?^) = a\ and 
T *(^L 2 ) = a 2 . 

Proposition 4.4. Let Ca and Lb be finite sets oj labels, and letlahA '■ Ca —* R and 
labs '■ Cb — > R 6e labelling maps. Suppose that the measures a = (lab^)*(i?£ A ) and 
p = (lab^)* ($c B ) are K -equivalent. Then we can find a bijection o~a,b ■ Ca —* Cb 
such that || labyt — labs °fA.s||oo < K. 

Proof. Since a and p are if -equivalent, we conclude that the total mass of a is 
equal to the total mass of (3. Set m = a(R) = /3(R). By Proposition 4.1, we 
can find non-decreasing and left continuous functions ipA,ipB ■ (0, m] — > R such 
that \\ipA — "051100 < K where (^i)*^) = (lab;)*(i?£ ; ) for I = A,B (here v is the 
Lebesgue measure on (0, m]). Since (lab; )*($£,) is an integral measure, we have 
that ij>i(£) = if.'i{t*) where t* is the least integer greater or equal to t. Therefore, we 
can find bijections 4>i {l,2,...,m}, I = A,B, such that ipi{(j)i{x)) = lab/(x) for 
every x G C\. 

For a G Ca we let oa,b{o) = (</>s)~ 1 (0A(a))- Then | labyi(a) — lab B (crA,B(a))| = 
\iPa(4>a(o>)) ~ iPb{</>a{q))\ < K which proves the proposition. □ 

Proposition 4.5. Let A and B be finite sets of real numbers. Let Ca and Cb be 

finite sets of labels, and lab a ■ Ca — * A and labs '■ Cb —>■ B labelling maps. Let 
a, P G A4(R) be the atomic measures, that are supported on A and B respectively, 
and a(a) — | lab^ (a)| for every a G A and (3(b) = | lab^> (b)\ for every b G B 
(here | lab^ 1 (a)|, | lab i3 1 (6)| denote the numbers of the corresponding preimages in 
Ca and Cb respectively). Suppose that a — ct\ + a 2 and = Pi + 02 where 
a.i, (3j G Ai(R) are integral measures, such that aii, Pi are K\- equivalent, and cti, 
p2 are K 2 - equivalent. Denote by mi the total mass of ai and by m 2 the total mass 
of a 2 . Then, there is a bijection oa.b '■ Ca — > Cb so that for mi elements a G Ca 
we have | labs (ct^b (a)) - lab J 4(a)| < Ki and for the remaining 7712 elements b G Ca 
we have \ \abB(o-A,B(bj) — lab^b)! < K 2 . 
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Proof. Note that a = (labyi)* (i?£ A ) and (3 = (labs)*(i?£ B ). The proof follows from 
Proposition 4.3 and Proposition 4.4. □ 

We end this subsection with the following two elementary propositions that will 
be used in Section 6. 

Proposition 4.6. Let a,f3,rj € .M(R) such that a and (3 are K -equivalent, and 
such that (3 and r\ are L -equivalent. Then a and rj are K + L- equivalent. 

Proof. One directly verifies that the condition (1) from Proposition 4.1 holds for 
the measures a and r\. □ 

Proposition 4.7. Let (X, v) be a measure space and let ^ : X — > A4(R), i = 1,2, 
be such that the mapping x — > fii(x)(~oo,t] is measurable for every t G R. Suppose 
that (J-i(x) and (J.2(x) are K- equivalent for every x G X. Then the measures 



Hi{X) = J lii(x) dv(x), 
x 

and 

M2PO = / l*2{x) dv{x), 
x 

are K -equivalent. 

Remark. If [i : X — > A4(N 1 'R) is a measurable mapping, and if fi(x) is JiT-symmetric 
for every x, then the measure 



is also /^-symmetric. 



X 



Proof. One verifies directly that the condition (1) from Proposition 4.1 holds for 
the measures fii(X) and ^{X). □ 

4.3. Proof of Theorem 1.1. The remainder of the paper after this subsection is 
devoted to proving the next theorem. From now on P(r) denotes a polynomial that 
only depends on S. In particular we have P{r) + P(r) = P(r) and rP(r) = P(r). 

Theorem 4.1. There exist a constant ro(S) = r^ that depends only on S , so that 
for every r > ro there exists a finite measure /i(r) G M.(T{S)) so that the total 
measure \n(r)\ satisfies the inequality 

«m < WP) | < -^m, 

and with the following properties. There exist measures a(r), a\(r), [3 '(r) G Al(N 1 r(S')) 
so that the measure 9/i(r) G Al(N 1 r(S')) can be written as 9/i(r) = a(r) + ai(r) + 
(3{r) and the following holds 

(1) Let ji(r) denote the restriction of the measure fi(r) to the set of triangles 
T G T(S) for which h(T) > r 2 . Then 

(AC(7*, z) + l)d&fi{r) < P(r)e" r . 

N x r(s) 
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(2) The measure a(r) is re r -symmetric, and the measure ot\{r) is Q- symmetric, 
for any Q > 200. 

(3) We have 



(£(7*,«) + l)d/9(r) <P{r)e- r . 
N!r(S) 

(4) We have 

J da x {r) < e~ r . 
N 1 r(S) 

Wc will explicitly construct the required measure fi(r). In the remainder of this 
section we prove Theorem 1.1 assuming Theorem 4.1 and its notation. First, we 
show that we may assume that the measure /x(r) from Theorem 4.1, has finite 
support. 

Proposition 4.8. Assume that Theorem J^.l holds. Then there exist a constant 
ro(S) = r$ that depends only on S so that for every r > ro there exists a finite mea- 
sure Jl(r) £ M(T(S)) with finite support, so that the total measure \Jl{r)\ satisfies 
the inequality 

< |£(r)| < 2A(T 1 S), 

and with the following properties. There exist measures 5(r),5i(r), (3 (r) € A / I(N 1 r(S')) 
so that the measure djj,(r) € Al(N 1 r(S')) can be written as djj,(r) = a(r) +Si(r) + 
(3{r) and the following holds 

(1) The measure a(r) is re~ r -symmetric, and the measure a\(r) is Q-symmetric, 
for any Q > 200. 

(2) We have 

J (/C( 7 * , z) + l)d[3(r) < P(r)e~ r . 
N l r(s) 

(3) We have 

j da x {r) < e~ r . 
N!r(S) 

Proof. Let ju(r) e M{T{S)) be such that /z(r) = Jl(r)+'p,(r) where /I(r) was defined 
in the statement of Theorem 4.1. Then Jl(r) has finite support since it is supported 
only on triangles from T(S) which satisfy h(T) < r 2 (and there are only finitely 
many such triangles). By the assumption in Theorem 4.1 we have |/J(r)| < P(r)e~ r . 
This shows that 

^1 < |M(r)| < 2A(T 1 S), 

for r large enough. Note that the measure dfi(r) consists of countably many atoms, 
that are obtained as the feet of the centres of the triangles from T(S). The measure 
]l(r) consists of finitely many atoms. It remains to construct the decomposition 
djl(r) = a(r) + 5i(r) + (3(r) 

For a discrete positive measure r\ we let supp(7?) be the set of points ( e R for 
which rj({t}) > 0. We observe that Jl and ju have disjoint support because if Ti,T% 
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are triangles that share a geodesic 7, and such that foot 7 (ct(Ti)) = foot 7 (ct(T2)) 
then T\ = T2 (recall that foot 7 is an element of N 1 ^ so if foot 7 (ct(Ti)) = foot 7 (ct(T2)) 
then T\ and Ti are on the same side of 7). We let a be the restriction of a to supp/I 
and S the restriction of a to supp/I. One defines a 1; Si, (3 and (3 likewise. Then 

ju = a + a x + j3, ju = a + Si + /?, 

and a + a = a, a x + Si = a% and j3 + j3 = /3. 

We aim to "symmetrise" a so that it is re _r -symmetric. To this end for each 
7 G r(S) we choose an orientation 7* G r*(S l ) for 7. Let a + be the restriction of 
a to ^7* and a" be the restriction of a to iV 1 (— 7*), and think of a + and a~ as 
measures on 7. We define a + , a - , S + and S _ likewise. Since a is re~ r -symmetric 
by Proposition 4.1 we can write 

a + f- = (^ + /-)*[0,a + ( 7 )), 

such that ip+i— ■ [0,a + (7)) — > 7 satisfy that d(ip+(t),ip-(t)) < re~ r for all i G 
[0, a + ('))). Then we let A+/_ C [0, a + (7)) be defined by = V>+/_(supp(aq_/_)). 

Set A = A + n A_. Also, let S + /~ = (V>+/_)*A By construction 5 + and S _ arc 
re _r -cquivalcnt. Now consider S + and a~ as measures on N lr y* and iV (— 7*) 
respectively. Let a = 5 + + a - . Then S is re _r -symmctric. 

Wc let r\ — a — S. The reader can verify that there exists a measure rf < S 
such that 77' + 77 is re~ r -symmetric (the measure 77' is constructed in the obvious 
way using the maps Note that if (7*, z), (7*, z') G N 1 ^ satisfy d(z, z') < K 

then IC(j*,z) < e K K,{-- i \z 1 ). It follows that 

(AC(7*,z) + l)dT7 < e re ~" /" (/C( 7 *,z) + l)dr/ < 
N!r(s) N!r(S) 

<e re_r y (/C( 7 *,z) + l)dS< 3 y (£(7*,z) + l)d3, 
N x r(S) N!r(S) 

for r large enough. 

Wc likewise find Si < a Y such that Si is Q-symmetric and r\\= a x — Si satisfy 

{K{ 1 *,z) + l)dT ll <e Q J (K(rf*,z) + l)dai. 
N!r(s) N!r(S) 

Also 

y dSi < e~ r . 
N!r(S) 

This shows that S and Si satisfy the conditions (1) and (3) of this proposition. 
We then let (3 = f3 + 77 + 771. Then Jl = a + Si + (3. Moreover 

N 1 r{s) N!r(S) 

< y (JC(j*,z))dP+< J (/C( 7 *,z))d(S + Si)<P(r)e- 1 ', 
N 1 r(S) N x r(s) 
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since a + a\ < ji. This proves the proposition. 

□ 

The idea is to use the measures jl(r) to construct certain admissible pairs (C(r), <Jc(r))- 
In turn, this will enable us to construct the corresponding covers of S that are re- 
quired by Theorem 1.1. 

From now on we suppress the dependence on r that is we set Jl(r) = [i, S(r) = a, 
5i(r) = ot\ and (3{r) = f3. Since /i is finitely supported, the measure fi is atomic 
and it has finitely many atoms. The measure dp is atomic and it has finitely many 
atoms, as well. Let m denote the total number of non-trivial atoms for dp. Let L 
be the maximum of the combinatorial length function K, over the m points where 
dp is supported. Let 

1 

e ~ m(L + l)e r ' 

For T eT(S) choose a number < p'{T) < e so that p'(T) + p(T) is a rational 
number, and set p'(T) + p(T) = p lat (T). If p(T) = then we set p'{T) = as 
well. This is how we define two new measures p' , p lat £ A4(T(S)). Both these 
measures are atomic (finitely many atoms), and p rat has the same set of atoms as 
p (the weights of atoms of p rat are rational numbers). In particular, p! has at most 
m atoms, and each of them has the weight at most e. Note that the total measure 
of // at satisfies fi(T(S)) > M rat (T(5)) > fi(T(S)) - me > fi(T(S)) ~ e~ r 

The measure dfi £ A1(N 1 r(S')) is also atomic, with finitely many atoms as well. 
Let 7 £ r(5 l ) and let 7*,7| € T*(G) denote the two orientations on 7. Since a is 
re~ r -symmctric, the two measures on R that arise as the restrictions of a on N 1 ^ 
and -/V 1 72 respectively, are atomic (finitely many atoms), re _r -equivalent measures. 
Applying Proposition 4.2 on these two measures, and repeating the same for each 
7 £ r(iS) we construct the measures a lat ,a' £ Ai(N 1 T(S)) with the properties: 

• a rat + a' = a. 

• a lat is re _r -symmctric. 

• for any atom V £ N 1 r(5') of a' we have ct'iV) < e. 

We repeat the same for a\. We construct the measures a\ at , a[ £ A4(N 1 T(S)) with 

• a\ at + a[ = a±. 

• a rat is Q-symmetric. 

• for any atom V £ N 1 r(S') of a\ we have a'i(V) < e. 
We have 

cV at = + dp' = a rat + ai rat + (f3 + dfi' + a' + a' 1 ). 
Note that from the fourth inequality in Proposition 4.6, we have 

daT < J d ai < e~ r . 
N 1 r(s) N!r(s) 

Set Pi — (3 + dfi' + a' + a\ . Since /i rat is atomic (finitely many atoms) with 
rational weights, so is the measure <9// at . Since a rat and ai rat are also atomic 
(finitely many atoms) with rational weights, and since all the measure in question 
are positive, we conclude that /3i is also atomic (finitely many atoms) and with 
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rational weights. Moreover, we have 



{K(j*,z) + l)dpi < J (£(7*,z) + l)d/?+ J {K(j*,z) + l)ddfj l '+ 
N 1 r(s) N x r(S) N 1 r(S) 



(K(j*,z) + l)da' + J {£{ 1 *,z) + l)da' 1 < P(r) e - r + 3m(L + l)e, 
N!r(S) N!r(S) 
that is, for r large enough we have 



(£( 7 *,z) + l)d/3i <P(r)e- r . 

Let n be a large enough integer so that the weights of atoms of the measures 
/i rat , a rat , ai rat and (3\ are all integers. We multiply the measures in question by 
n. Set ^ int = n// at , a int = na rat , = nai rat and /3j nt = n/?i- We have that a int 
is still re _r -symmetric, and a™* is Q-symmctric. Moreover, we have the following 
estimate for the total measure of a™' 

(24) J da?* < ne~ r . 

N 1 r(S) 

Also, the total measure of fx int satisfies that n^{T{S)) > ^ nt {T(S)) > n(jj,(T(S)) - 

Now wc apply the Correction lemma (Lemma 3.3). Let (7*, z) £ N 1 L(5) be an 
atom of /Jf* (note that the same point can be an atom of the measure a lnt or a™*). 
Choose a lift of (7*, z) to N 1 L(G) and denote it also by (7*, z). Wc apply Lemma 
3.3 to this pair, to obtain the corresponding polygon V in H that is to the right 
of 7*. Project the triangles from the triangulation t(V) to S. Let T' £ t(V) and 
let [T'] G = T £ T{S) be its projection. Let v T £ M{T{S)) be the measure that is 
supported on T and so that v T {T) = /3j nt (7*, z). Set 



,(7*.*) _ 

T 

where wc sum over all such triangles T . From Lemma 3.3 we have the bound on 
the number of triangles in t(V) and thus we obtain the following estimate of the 
total measure 

^'' Z \T{S)) < {CK{ 1 *,z)+K)^{ 1 *,z). 

Here C and K are the constants from Lemma 3.3. Note that each atom of ^ 
has an integer weight. 

Let D be the constant from Lemma 3.3, and let 70 £ T(S)\\Gcn(S) be a geodesic 
that lifts to an edge of a triangle from t(V). Denote by /3} nt |( 7 . z ) the restriction 
of /3f* to the point (j*,z) £ N 1 T(S). Then the two measures on 70 that are the 
restrictions of the measure dv^ 1 + /3i nt |( 7 « iZ ) on N 1 ^ are £>-equivalent. This 

follows from Lemma 3.3, that is, the two atoms of dv^ 1 + /Sf^lry «) in N ln /Q 
(one on each side of 70), are within the hyperbolic distance D (these two atoms 
have the same weight by the definition of ' z )). 
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Repeat this process for every non-trivial atom of ftf 1 * and set 

(7*,*) 

where we sum over all non-trivial atoms for /3i nt . We have v G Ai(T(S)) and 

v(T(S))< J (CK.( 1 *,z) + K)df3[ nt <nP{r)e~ r . 
N 1 r(5) 

Let 70 G r(5) \ Agoii('S')- Then the two measures on 70 that are the restrictions 
of the measure dv + /Jj 11 * to AT 1 70 are Z?-equivalent. Let 70 G ^Gcn(S)- Then by 
Lemma 3.3 all the atoms of dv on 70 are within the D/2 hyperbolic distance from 
the point mid(7o) €70- If we can show that the total measures are equal, that 
is of 9i/(iV 1 7o) = du(N 1 (— 7 q)) that would show that the measure dv + (3^ is 
D-symmetric. 

Set = /i mt + v. Again, /z™* has finitely many atoms, and all the weights are 
integers. The above estimate for v(T(S)) implies that, for r large enough, the total 
measure of /i" 1 ' satisfies the following inequalities 
(25) 

MT 2 {S)) < n(f,(T(S)ye- r ) < ^(T{S)) < n^T(S))+n^T(S))P(r)e- r < 2n/x(T(S)). 

Set /?^ nt = /?j nt + dv. Then the following equality holds 

fyt^ = a mt + ai nt +/3| nt . 
We have the following estimates on the total measures of /S™* 
(26) 4 nt (T(5)) < I dv+ f dP[ nt < nP{r)e~ r . 



N!r(S) N!r(s) 

Since /i 1 / 1 ' has finitely many atoms with integer weights, we can consider fxf^ 
as an element of NT(5). We construct the labelled collection of triangles C that 
corresponds to [i™ 1 G NT(5) (see remark before Definition 3.1) . Let M denote the 
total number of elements of Cc (clearly M is equal to the total measure of 3/1']"*). 
From (EH) we have gMglg)) < m < 6nfi(T(S)). 

Fix 7 G r(S) \ AGen(S') and choose an orientation 7* on 7. We have already 
seen that the restriction of the measure /x 1 "* on A 1 7 can be written as the sum of 
three measures from ^(N 1 ^) where each of these three measures produces a pair 
of measures on 7 that are equivalent (for some constant). This implies that the 

sets <Cc,-y*, J0e, c* C Cq have the same number of elements. This shows that such 

7* does not figure in the formal sum dC G ZT*(S). So 

1 

i=l 

where 7^. G A Gon (S') and fc» G Z. By Proposition 3.2 we have that every fcj = 

that is dC = in Zr*(5). Thus for every 7 G r(S') the total measures of 9/4 nt 
on N 1 ^* and on A fl (— 7*) are the same. As indicated above, this proves that the 
measure (3^ = /J™* + dv is D-symmetric. 
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Set 4 nt = a\ nt + 4 nt - Then 4 nt is max{Q, L>}-symmetric, and from (23} , <[26]). 
for r large enough, we have 

(27) c4 nt (3~(S)) < 7iP(r)e- r + nP{r)e~ r < nP(r)e" r . 

Let 7 <E r(S') and consider the restriction of the measure dfj, 1 ^ to N 1 ^. This 
produces a pair of measures in A4(R). Apply Proposition 4.5 to this pair of mea- 
sures. Choose an orientation 7* on 7. Recall the notation from Proposition 4.5. 
We say that z G A C 7 if (7*, z) is a non-trivial atom of the measure We say 

that z € B C 7 if (—7*, z) is a non-trivial atom of the measure etyt 1 "*. We identify 

£,4 with £c,7* an( l Cb with £c, c*- We define the involution uq ■ £-c,-y* — * £c, r* 

by ere = a a,b where a a,b ■ A — > B is the bijection from Proposition 4.5. This is 
how we construct the admissible pair (C,ac)- 

Fix a G £c- Let (T x , 7l ), (T{, - 7l *) G T*(G) such that lab c (a) = [(Ti,tJ)] and 
lab c (a c (a)) = [(T{,- 7l *)]. Let [Ti] G = Pr 5 (lab c (a)) = T G T(5) and [T{] G = 
Pr s (lab c (cr C (a))) = T' e T(S). Also, let 7* G T*(S) be the projection of 7^ 
to S and finally let 7 G T(S) be the corresponding unoriented geodesic. We have 
d(foot 7 (ct(T)),foot 7 (ct(T'))) < max{Q,D} where lab c (cr c (a)) = T . Let N c {re~ r ) 
denote the number of elements a G £c so that for the corresponding edge 7 of 
T = Pr 5 (lab c (a)) we have d(foot 7 (ct(T)),foot 7 (ct(T'))) > re~ T . From Proposition 
4.5 and from (|27|) . we conclude that Nc(re~ r ) < nP(r)e~ r . 

By Lemma 3.1, there exists finitely many virtual triangulation pairs (Ci,ai) so 
that (C, a) is their union. For each i there exists a finite cover Si of S so that 
Cc t = T*(Si) is a triangulation of Si (by A(Si) we denote the corresponding set of 
edges). Also, by r(i) € X(r(Si)) we denote the corresponding shear coordinates. 
Note that the Riemann surface Si corresponds to the point F T ^g i - ) (r(i)) in the 
corresponding Tcichmiiller space. For each Si we have the following: 

• Since h(T) < r 2 for every T G r(Si) from Lemma 3.2 we have 
T(Si) (r(z)) <2r 2 . 

• We have Hr^Hoo < max{Q,-D}. 

One can verify the following elementary proposition. 

Proposition 4.9. Let Xi,yi > 0, i = l,...,fc ; and set x = x\ + ... + Xk, y = 
yi + ... + y k - Then 

Xi X 

mm — < — . 

i<i<k y t y 

Let N T (Si) {re~ r ) denote the number of edges from X(Si) for which the corre- 
sponding shear coordinate is greater than re~ r . We have 

Y,N T{Sl )(re~ r ) = N c (re- r ) < nP(r) e - r . 

i 

Also, 

^|A ( 5 i} |=M>^™. 

i 

From the above proposition we have that for at least one surface Si, say for Si, we 
have that 

N r(S.)(re- r ) 

\KSi)\ ~ ( ) ■ 

where |A(Si)| is the total number of edges in A (Si). 
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Let r — > oo. From Theorem 2.2 we have that the Weil-Petersson distance between 
i r T (g i )(r(i)) and F t (sa{Q)i tends to when r — » oo. Note that by Proposition 2.2, 
the Riemann surface that corresponds to F T rSi)(ty i s isomorphic to the quotient of 
H by a finite index subgroup of PSL(2, Z). 

Theorem 1.1 states that for any two punctured Riemann surfaces S and R of 
finite type, and for every e > we can find finite covers S e and R € of S and R 
respectively, so that the Weil-Petersson distance between them is less than e. We 
first find S' e and R' e finite covers of S and R respectively, so that S' e and R' e are 
|-close (in the Weil-Petersson sense) to two Riemann surfaces S" and R" where 
S 1 " and R" are isomorphic to H/Gi and H/G2 respectively, where G\, G2 are finite 
index subgroups of PSL(2, Z). Set G3 = G\ n G2 and let M e be the corresponding 
Riemann surface. Then there are covers S e and R e of 5 and R respectively, so 
that S e and R e are |-close (in the Weil-Petersson sense) to M. Moreover, the 
Weil-Petersson distance between S € and R e is at most e. This proves the theorem. 



5. The absorption maps and the proof of Theorem 4.1 

5.1. Preliminary results from hyperbolic geometry and four operations 
on the unit tangent bundle. Let Mob(H) denote the group of orientation pre- 
serving Mobius transformations of H. By Moboo (H) we denote the subgroup of 
Mob(H) whose elements preserve 00. By T(H) we denote the set of all geodesies 
in H. Also, let T(H) denote the set of all ideal triangles in H. 

Denote by T 1 !! the unit tangent bundle of H. Elements of T 1 !! are pairs (z, v) 
where z £ H and v is a unit vector at z. If / € Mob(H) then f(z,v) £ T X H 
is a well defined clement. The quotient T l ~R/G is isomorphic to the unit tangent 
bundle T 1 ^. Also, if E C H or E C S then T X E denotes the restriction of the 
corresponding unit tangent bundle over E. 

Wc parametrise T 1 !! by (z,v) = (x,y,6). Here z = x + iy, and 6 £ [0, 271") is 
the positively oriented angle that v makes with the positive part of the x-axis. The 
Liouville volume form on T X H is given by dA = y~ 2 dxf\dyf\d9. The corresponding 
measure on T 1 !! is called the Liouville measure. The total measure A(T 1 S') is finite. 

Let uj = e 27 ™/ 3 . By uj : T 1 !! — >■ T l Yl we also denote the map u(z, v) = (z,uv). 
Clearly the map w is a diffeomorphism of T 1 !! of order three (this is the first 
operation on T 1 !! we define in this subsection). Also, the map u commutes with 
every element from Mob(H) (and in particular uj commutes with every element 
of the group G). We have that u> : T X S — > T X S is a well defined diffeomorphism. 
Moreover, uj is measure preserving (it preserves the Liouville measure on T 1 !!), 
that is Jac(w) = 1 where Jac(w) denotes the Jacobian. 

Fix (z,v) £ T X H. Let Jc z ,v) '■ [0i°°) ~~ * H be the natural parametrisation of 
the geodesic ray that starts at z and that is tangent to the vector v at z that is 
T('z tj)(0) = v - W e use the same notation for the induced map 7( Z)W ) : R + U{0} — > S. 
By l(z,v) w e also denote the corresponding geodesic ray 7( Zjt ,)(R + U {0}). 

As usual, for t £ R + U {0} the geodesic flow g t : T l H — * T 1 !! is given by 
gt(z,v) = h(z,v)(t),j' {z , v) (t))- Moreover, for / £ Mob(H) we have g t o / = f o g t . 
Therefore, the flow is well defined on T 1 H/G We use the same notation for the 
induced flow g f : T 1 ^ — > T 1 ^. The geodesic flow gt is measure preserving. 
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Figure 4. The four operations on the T 1 !! 

Definition 5.1. Let p : T 1 !! — > <9H denote the map such that p(z,v) G dH is the 
end point of the geodesic ray J( ZtV )- Let p 1 : T 1 !! — > L(H) denote the map such 
that p 1 (z,f) G r(H) is the geodesic that connects the points p(z,v) and p(z,uw). 
Let p 2 : T 1 !! — > T(H) denote the map such that p 2 (z,i>) G ^"(H) is the triangle 
with the vertices p(z,v) p(u>(z,v)) and p(w 2 (z, v)). 

Since the angle between v and tov is 27r/3 we find that the point z is the centre of 
the triangle p 2 (z, v) = p 2 (uj(z, v)) = p 2 (ui 2 (z, v)). The triangle p 2 (z, v) is bounded 
by the geodesies p 1 (z,v), p 1 (u)(z, v)) and p 1 (to 2 (z , v)) . Moreover, we endow the 
geodesic p 1 {z,v) with the induced orientation, so that the endpoints p(z,v) and 
p(z,u>v) correspond to — oo and +oo, respectively. 

We now define the other three operations on T 1 !!. Let (z, v) G T 1 H. Let f( z ,v) € 
Mob(H) be the rotation of order two about the point foot p i( Z)l) )(z) G p 1 (z, v). Set 
lZ(z,v) = f(z,v). Clearly the map 1Z : T 1 !! — > T 1 !! is a diffcomorphism of order 
two. Also the map 7Z commutes with every element from Mob(H) and the induced 
diffcomorphism 7Z : T X S — > T 1 S is well defined. Note that p(z,v) = p(w(7?.(z, v))) 
and p 1 (z, u) = p 1 (7?.(z, v)). 

Remark. The group (u),lZ,) generated by w,7J : r 1 ^ — > T 1 ^ is isomorphic to 
Z2 * Z3 . It is easy to see that there exists a finite orbit under the action of this 
group if and only if the surface S is modular, that is S is isomorphic to H/G where 
G is a finite index subgroup of PSL(2, Z). This indicates the relevance of this group 
action to the Ehrcnpreis conjecture. 

Let (z,v) G T l H, w G p 1 {z,v), and t G R. Let f( z . v ){t) G Mob(H) be the 
hyperbolic transformation which fixes the points p(z,v) and p(z, lov), and so that 
the signed hyperbolic distance between the points w and f( z . v ){t)(w), is equal to 
t. Here the signed distance between w and f( z ,v)(t)( w ) is positive if and only if 
the points p(z,v), w, f( z ,v)(t)( w )i an d p(z,ujv), sit on the geodesic p 1 (z,v), in 
this order, with respect to the induced orientation on p 1 (z,v). The definition of 
the map f( z>v )(t) does not depend on the choice of w G p 1 (z,v). Clearly, the 
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collection of transformations f( z ,v)(t)i t G R, is an one-parameter Abelian group. 
Set S t (z,v) = f {Z:V) (t)(z,v). The collections of maps S t : T 1 !! -> T 1 !!, i G R, 
is an one-parameter Abelian group of diffeomorphisms, and <St commutes with 
every element from Mob(H). Note that p(z,v) = p(St(z,v)), and p 1 (z,v) = 

Remark. In fact, <5> t ■ T 1 !! — > T 1 !!, is the "equidistant" flow. This means that for 
{zt,Vt) = St(z,v), the points zt move along the line that is equidistant from the 
geodesic p 1 (z,v) (the distance between Zt and p 1 (z,v) is logv 7 ^)- 

Let (jz, v) G T 1 !! so that p(z,t>) =^ 00. Let 7 G T(H), be the geodesic that 
connects p(z,v) and 00, and let f 1 : H — > H, be the reflection through 7. Set 
if (z, w ) = / 7 ( Z; u), and I L = w 2 o if . The maps If ,1^ : r x H -► T X H are defined 
almost everywhere on I 1 !!, because the subset of T 1 H on which p(z,v) = 00 
has zero measure in T 1 !!. The maps T L and if commute with every element of 
Mob oc (H). Note that If is of order two. Also, p(z, v) = p(uj(2 L (z,v))). We set 
l R = (l L )-\ 

Remark. The map I L : T 1 !! — > T 1 !! docs not commute with the entire group 
Mob(H) and the map T L does not give rise to a map on r 1 ^. Let c G Cusp(G), 
and let G = G c be normalised. Then T L commutes with the translation for 1, so 
the maps I L and if, are well defined almost everywhere on T 1 Ti. c (0). We have 
the induced maps X L ,Xf : T X H \ T 1 Th G (0) -> T 1 !! \ T 1 Th G (0), and X L ,lf : 
T^-S \ T 1 Th s (0) -> T 1 ^ \ T 1 Th s (0), that are defined on each 0-horoball in the 
normalised setting. Also, note that I L ^ I R . 

Proposition 5.1. We have Jac(7\L) = Jac(6>t) = 1 everywhere onI 1 H and Jac(I L ) = 
1 almost everywhere on T l ~H.. Moreover we have that the relations TZoSt = Sr-^oTZ 
and T L o St = S(-t) X L hold for every t G R. Also TZ 2 is the identity mapping on 
I 1 !!. 

Proof. We have already observed that TZ is of order two, that is TZ 2 is the identity 
mapping on I 1 !!. If (z, v), (zi,vi) G T 1 !!, and (zi,vi) = St(z,v), for some t £ R, 
then p 1 (z,v) = p l (zi,vi), and p 1 (T L (z,v)) = p 1 (X L (zi, i>i)). This yields the 
relation I L o St = <S(-t) o I L . The relation TZ o St = <S(-t) is proved similarly. 

Since all four maps TZ, St, Xf , andX L commute with Moboo(H), and Moboo(H) 
acts transitively on H, we have that the functions Jac(7?.), Jac(6>t), Jac(lf ), and 
Jac(I L ), are constant functions almost everywhere on T 1 !!. Since TZ = TZ" 1 we 
have that Jac(7?.) = 1 everywhere on T 1 !!. It follows from TZ o St = <S(-t) o TZ, 
that Jac(St) = Jac(<S(_ 4 )). Since (St)" 1 = <S(-t)j we conclude that Jac(«5>t) = 1 
everywhere on T 1 !!. From (if) -1 = if, we find that Jac(lf ) = 1. Since Jac(cc>) = 
I it follows from the definition of 1 L that Jac(I L ) = 1. □ 

Definition 5.2. Let (z,v) G T 1 !!, and let p G 9H. 

• Denote by Q p (z,v) the unique number in [— ir, n) that is equal to the pos- 
itively oriented angle between the vector v and the geodesic ray 7f ; where 
Tf denotes the geodesic ray that starts at z and ends at p. 

• By Ti\ we denote the unique horoball that contains z and meets <9H at p. 

• Let z,z' G H. Denote by A p [z,z'] the signed hyperbolic distance between 
the horocircles dTi? and &hC z < ■ That is, A p [z, z'\ is non-negative if and only 
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if TV? is contained in 7i v z , ( in this case we say that z is closer to p than z' 
is). 

• Suppose that p 7^ p(z,v). Then by z max (7( zl ,),p) we denote the point on 
l(z.v) that is the closest to p. 

Also, if p 7^ p(z, v), then there exists a unique point on Jr z ,v) that is the closest 
to p. This shows that z max (7( ZI) ),p) is well defined. If p — p(z, v), then such a 
point does not exist. 

Note that for z, w G H, we have A p [z,k/] = —A p [w,z], and |A p [z, w] \ < d(z,w). 
For points z,wi,W2 G H, we have A p [z, W2] — A p [z,wi] = A p [u>i, w-2\- 

Remark. Let c G Cusp(G), and z,z' G H. Then A c [z,z'] measures the difference 
in heights, that is 

h c (z) - h c «) = A c [z,z'}. 

It follows from the definition that z max (7( zt ,),p) 7^ z, if and only if < |0 p (z,t>)| < 
If O p (z, v) = 0, then 7]? = "f( z ,v)- If < |0 p (z, w)| < f , then there exists t > 0, 

so that 7( Zi u)(io) = z max (7( Z;t ,),p). Most calculations in the remainder of this paper 

are based on the following two elementary identities 

(28) A p [z max (7 (2il ,),p),z] = log(csc(|6 p (z, v)|)), 
and 

(29) t = log ( csc(|6 p (z, v)\) + cot(|9 p (z, «)|)). 
It follows that 

(30) < t - A p [z max (7 (Zit ,),p),z] < log2, 
and when |0 p (z,w)| is small, we have 

(31) < < - A p [z max (7 (Zi „),p), z] = log2 - 0(\Q p {z,v)\ 2 ). 

Proposition 5.2. Let (z, v) G T 1 !!, andp G dH, such that < |O p (z, v)\ < |. Let 
to > fee the number so that z max (7( z >v \,p) = 7( z .u)(^o)- Then for every < t < to, 
we Ziaue 

t-log2 < A p [y (ZtV) (t)),z} < t. 

Also, 

e~ t0 < \& p (z,v)\ < Tre"* . 

Proof. The first inequality follows from (|30|) . The second inequality follows from 
(f28j) . and the fact that for |0| < § , we have | sm.6\ < \0\ < § | sin<9|. □ 

Proposition 5.3. Let t € R, p € <9H, and (z, i>) G T 1 !!, such that <d p (z, oj 2 v) = 0. 
Let {zt,vt) = St(z,v) . Then 

|A p [z,z t ]| > \t\ -log6. 

Proof. Let u> = foot p i( z „)(z), and u>t = foot p i( zt) ) (z t ). Since Q p (z,ui 2 v) = 0, 
we have w = z max (p 1 (z, v),p). It follows from the definition of S t (z,v), that the 
hyperbolic distance between the points w and Wt, is equal to |t|. From the first 
inequality in the previous proposition we have 

\A p [w,w t ]\ > |t| -log2. 
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Since d(z,w) = d(z t ,wt) = log we have 

|A P M| > \A P [w,w t ]\ -log3> |t| — log6. 
If p is an endpoint of p 1 (z, v), then |A p [,z, Zt]| = \t\ > \t\ — log 6. □ 

Proposition 5.4. Lei (z, v) e T 1 !!, and let pi E dH, i = 0,1, 2, so that \Q Pi (z, oj 1 v)\ < 
^S, for some < 5. Let T G T(¥L) be the triangle with the vertices pi. There exists 
a universal constant C > 0, so that for S small enough, we have d(ct(T),z) < CS. 

Proof. We consider the unit disc model D for H. We may assume that z = 0, 
and that v = J^(0). Then pfarfv) = lo 1 = e 27 ™/ 3 e dD, i = 0,1,2, where <9D is 
the unit circle. Since \Q Pi (z, ui l v)\ < ^S, we have that \pi — p(z,ui l v)\ < |, where 
\pi — p(z, is the Euclidean distance. Recall that z is the centre of the triangle 
p 2 (z, v ). The centre of an ideal triangle, as the function of triples of points on dT>, 
is smooth in some neighbourhood the triple (1, e 2Tr//3 , e 47r / 3 ). Therefore, there exists 
a universal constant C > 0, so that d(ct(T), z) < CS, for S small. 

□ 

Proposition 5.5. Let (z,v) e T 1 H ; and set lZ(z,v) = (zi,v\). Let pi e <9H, 
i = 0,1, so that \Q Pi (z,u! l v)\ < ^S, for some < S. By 7 e T(H), we de- 
note i/je geodesic with the endpoints po and p\. There exists a universal con- 
stant C > 0, so that for S small enough we have d(foot p i( z (z), foot 7 (z)) < CS, 
d(foot p i( z ^)(zi),foot 7 (2;i)) < CS, and d(foot 7 (,z), foot 7 (zi)) < CS. 

Proof. We consider the unit disc model D for H. We may assume that the geodesic 
p 1 (z,v) connects the points —1 and 1, on 9D, and that p(z,v) = —1. Also, we 
may assume that the ^-coordinate of z is equal to zero. Then z = i-^b-i, and z\ = 

—i ^|~^ ■ Since \Q Pi (z,uj % v)\ < ^S, i = 0, 1, we have that for some universal constant 
D > 0, and for 8 small enough, the inequalities \pq + 1| < DS, and \p\ — 1\ < DS, 
hold. Here |po + l|> and \pi — 1\, are the Euclidean distances. The function foot 7 (z), 
as a function of po, and p\, is smooth in some neighbourhood of the pair (1, —1). 
This shows that there is a universal constant C > 0, so that for S small enough, we 
have d(foot p i( 2i „)(z), foot 7 (z)), d(foot p i( 2i „)(2;i), foot 7 (zi)), d(foot 7 (z), foot 7 (zi)) < 
CS. □ 

5.2. The Absorption maps. First we give a short overview of the construction 
that follows. In order to construct the measures from the statement of Theorem 
4.1, for every r > 2 we define a map (almost everywhere on T 1 !! with respect to 
the Liouville measure A on T 1 H) 

a r : r x H Cusp(G), 

such that for almost every (z, v) € T X H we have 

• a. r (g{z,v)) = g(a T {z,v)), for every g e G. 

• @a r (z )t )) < Ce~ r . 

Moreover we have the induced map a, 1 : T 1 !! — > T(G) where a\(z,v) is the 
geodesic with the endpoints a r (z,v) and a r (z,wu). Also we have the map a 2 : 
T 1 !! — > T(G) where a 2 (z, v) is the triangle with vertices a r (z, lu^v, j = 0, 1, 2. The 
maps a r , a* and a 2 are G equivariant so we have the induced maps from T X S to 
Cusp(G), T(S) and T(S), respectively. Note that if (p : S — > R is a non-negative 
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integrable function on S, then (a^)*(^<iA) G M(T(S)). The measure fx e M(T(S)) 
from Theorem 4.1 will be constructed in this way for a suitable choice of ip. 

Our goal is to let r be large and show that for "most" points (z,v) G T 1 H we 
have a*(z, v) = a.l(lZ(z, v)). This would imply that <9(a^)* (dA) = a + (3, where a is 
Ce~ r symmetric and /3 is small. This seems to be a good candidate for the choice 
of measure /i in Theorem 4.1. However with this choice we have 

J (£( 7 V) + l)d0(a?).(dA) = oo, 
N 1 r(s) 

because of the thin part of S. In order to overcome this problem we set <p r (z) = 
e 2( 2r - h ( z )). and consider the measure (a£)*(^J r dA) G M(T(S)) (note that yvO?) = 
1 for z G Ths(2r)). But this introduces an imbalance, that is the measure 
<9(a^)* (yv dA) is no longer almost symmetric outside Ths(2r) because (p r (z,v) ^ 
(p r (lZ(z, v)) for z that is is outside Thg(2r). That is why we introduce the map 

h 2 r : C r (S) -> T(S), 

where C r (S) C (T 1 S'\Ths(2r)) is the "correctable" part. Then we let our measure 
/i G •M(T( 1 S)) be given by 

H = (a^)*(( / 9 r dA) + 3(b^)*('i? T .dA), 

where $ r (z,i>) = tp r (1Z(z,v)) — tp r (z,v), for (z,i>) G C r (S). Then we show that the 
measure dfj, has the desired decomposition. 

We now return to the construction. Recall that S is a fixed surface of type 
(g, n), and Cusp(S') = {c\(S), ...,c n (S)}. As always, G is one of the n normalised 
Fuchsian groups G c .rs)> * = 1,—,ti, such that H/G is isomorphic to S. Recall 
that the interiors of the different 0-horoballs on S are disjoint. This implies that 
different 1-horoball are disjoint on 5 

Let (z,v) G T 1 H. For any t > 0, the point 7( a e ) (t) is either in the interior 
of Thc(l), or in one of the 1-horoballs. Let [c\,C2, ...), be the ordered set of 
cusps from Cusp(G), so that the ray Jf zv ) intersects each horoball 7Y Ci (1) , and 
which are ordered so that the ray Jt z v ) visits the horoball H Ci (l) before it visits 
the horoball 7i c . (1) if and only if i < j. In other words, let ti > 0, so that 
l(z,v)(ti) = z max(7(z,«)! c i) ■ Then i < j, if and only if U < tj. Since the 1-horoballs 
are disjoint, and each horoball is a convex subset of H, we have that q ^ Cj, for 
i ^ j- 

Remark. For a point (z,v) G T 1 !!, the set (ci,C2-..) is either: empty, finite but 
non-empty, or infinite. It can be show that the set of points in T 1 !!, for which the 
corresponding set (ci, c^...) is infinite, has the full measure in T 1 !! (we do not use 
this result). 

We now define the maps a r , and a*, i = 1, 2, described above. Given r > 0, to 
every point (z, v) G T 1 ^, we associate a triangle from T(S). 

Definition 5.3. Fix r > 2. Let (z,v) G T 1 !!, and Ze£ (ci,C2, ...), 6e i/ie correspond- 
ing ordered set of cusps that J( z ,v) intersects. 
• Define a. r {z,v) = Ci, if 
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(32) h C4 (z max (7( JB) „),Ci)) - h Ci (z) > r, 

and if this inequality does not hold for any cusp Cj, where j < i. 

• Let < t r (z,v) < oo, be such that 7( Z)t) )(t r (2, v)) is the first point of entry 
of the ray J( z ,v) i n the horoball 7i ar r ZjV )(l). If (z,v) does not get absorbed, 
then t r (z, v) — oo. 

• If both & r (z,v) and a r (z,uw) are well defined, then by s^.(z,v) G T(G), 
we denote the geodesic with the endpoints a. r (z,v) and a. r (z,ujv). If all 
three cusps a r (z,w), a r (z,uw), and a r (z, w 2 v), are well defined, then by 
aq.(z,v) € T(G), we denote the triangle with the vertices a. r (z,v), a r (z, uw), 
and a,.(z, uj 2 v). 

Since r > 2, we have that \® aT .( z , v ){z,v)\ < 7re~ 2 < ^. This implies that 
\Qa r (z,uv)( z i v )\ > \i so A r[z, v) ^ a r (z,w«) ^ a. r {z,oj 2 v) 7^ a r (z, v). This shows 
that a.},(z,v) and a 2 (z,v) are well defined. 

Remark. It is useful to pause here and observe that if c € Cusp(G), is such that 
& r (z,v) = c, then |O c (z, v)\ < ire~ r . This follows from Proposition 5.2. We will 
often use this observation in the arguments that follow. 

We will see below that the function a r : T 1 !! — > Cusp(G) is defined almost 
everywhere on T 1 H. Let g G G. We have g(a T (z,v)) — a r (g(z,v)). This shows 
that the set where a r is defined is invariant under G. The induced map a r : T X S — > 
Cusp(iS), is also denoted by a r . The absorption time t r (z, v) is defined in the same 
way. The maps a* : T 1 ^ -»■ T(S), and a 2 : T X S -> T(S), are defined accordingly. 

Proposition 5.6. Fixr > 2, and(z,v) £ T 1 !!. Then for every 3r+max{0, h(z)} < 
t < t r (z,i>), we /iai/e Ju, v )(t) G Th<3(l). Moreover, suppose that z £ 1~L Cl {r + 2). 
/or some Ci € Cusp(G), and that & r (z,v) ^ C\. If C2 € Cusp(G) is i/ie i/ie second 
cusp (after c\) so that ^u, v \ visits the horoball 7i C2 (l), i/ien a r (z,w) = c 2 . 

Proof. For each cusp Cj G Cusp(G), such that 7( <iV j enters this cusp, we let i e nt(*') > 
0, so that 7( ZjtJ ) (^ent(i)) i s the point of entry of the ray l( z ,v) m (1)- By t ex (i) > 0, 
we denote the exit time, that is 7(z.u)(i e x(«)) * s the exit point of the ray 7( Z; „) from 
H Ci (l). If z e H C1 (1), then t on t(l) = 0. If 7( 2l „) never leaves some H Ci (l), then 
t eK (i) = oo. 

It follows from Proposition 5.2 that if t ent (i) > 0, then 

(33) A Ci [z max ( 7(z ,„ ) ,c l ),z] > ^!l±^!) _i og2 . 
If z G W Cl (l), then 

(34) A^w^^M > * cxW + hci(z) -log2. 

If t < t r {z,v), and ~ft z , v )(t) € H Ci (l), then either t cnt (i) > 0, or i = 1 and z € 
W C1 (1). In either case, we have t r (z,v) > t CK (i), since & r (z,v) ^ c, (the identity 
a r (z,i>) = Q would contradict the assumption t < t r (z,v)). In the first case, from 
(|33|) we obtain i < t cx < 2r + 2 log 2 < 3?*. In the second case, from (|34|) we have 
£ < £cx(l) < 2r + h Cl (z) + 2 log 2 < 3r + h Cl (z). This proves the first part of the 
proposition. 
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Assume that h Cl (z) > r + 2. Let C2 G Cusp(G), be the cusp so that the horoball 
7i C2 {l) is the second 1-horoball that the ray 7( z ,„) enters. By ([33| we have 

h C2 (z max (7( Z) ^,c 2 )) - h C2 (z) > t ent {2) - log2 > h Cl (z) - 1 - log . 

Since h Cl (z) > r + 2, and since a r (z, u) 7^ ci, we conclude a r (z, u) = C2. 

□ 

We want to show that the absorption map is well defined almost everywhere on 
T 1 !! (and on T X S). We saw in the previous proposition that the ray 7( z ,u), will 
get absorbed if it leaves Ths(l) after the time 3r + |h(z)|. In order to show that 
a. r is defined almost everywhere, we need to estimate the Liouville measure of the 
geodesies segments of a given length that stay in Ths(l). The following lemma is 
probably known, but we prove it in the appendix. 

Lemma 5.1. Let t > 0, and let A{t) C T 1 Th s (l) be such that (z,v) G A(t) if the 
segment 7( z .„)[0,£] is contained in Thg(l). Then there are constants C(S),q(S) > 
0, that depend only on S, such that A(A(t)) < C{S)e- q( - s '> t . 

We have 

Proposition 5.7. Fix r > 2. The map a r : T X S — > Cusp(S'), is defined almost 
everywhere. 

Remark. The proof below uses Lemma 5.1. However one does not need Lemma 5.1 
to prove that the absorptions map is defined almost everywhere on T 1 !!. The fact 
that the geodesic flow g t is ergodic implies that the geodesic ray 7( z ,„) leaves the 
thick part Ths(l), after the time 3r + |h(z)|, for almost every (z,v) G T 1 S f . Then 
it follows from Proposition 5.6 that almost every (z,v) will be absorbed. However 
Lemma 5.1 will be used later in a similar manner, so we decide to state it here and 
present its first application. 

Proof. Let s > 0, and let F r>8 C T 1 Thc(s) be such that (z, v) G F r _ s if t r (z, v) = 00, 
and |h(z)| < s. By Proposition 5.6 we have that g3 r+s (F rjS ) C A(t), for every t > 
(here A(t) is the set defined in the statement of Lemma 5.1). Since A(A(t)) — > 
when t — > 00, we find that A(g3 r+s (_F , r s )) = A(_F , r s ) = 0, so the map a r is defined 
almost everywhere on T 1 Thc(S'), for every s > 0. 

□ 

Definition 5.4. For every r > 2, we define the map i r : T 1 !! — ► iV 1 r(G), as 
tr(z,v) = foot a i( 2 it) )(ct(a^(z, v))). That is, f r N 1 T(G) is the foot of the centre of 
the triangle a%(z, v) G T(G). 

The map f r commutes with the action of the group G, and we have that the 
induced map f r : T 1 S -> N^iS), is well defined. 

Proposition 5.8. There exists a universal constant C > 0, andro > 0, so that for 
r > ro, we have that d(f r (z, v), foot a i( ZjU ) (z)) < Ce~ r . 

Proof. It follows from Proposition 5.2 that \Q ar ( z ^j v ){z,(jjH))\ < ire~ r . By Propo- 
sition 5.4, for r large enough we have d(z, ct(a^(z, v))) < Cire~ r , for some universal 
constant G > 0. This proves the proposition. 

□ 



RANDOM IDEAL TRIANGULATIONS 



51 



Denote by A^aCT 11 ^), the space of measures from ^(T 1 ^), that are absolutely 
continuous with respect to the Liouville measure A. Let v G MsffT^S). Then 
(a^)*(z/) G M(T{S)), and (f r )*(z/) G X(iV 1 r(S')), are well defined since a* and a 2 
arc defined almost everywhere on T X S. 

Let ip : S — » R, be an integrable, non-negative function. We have the induced 
map ip : T X S — > R, given by 93(2,1;) = <p{z). Then 99 dA G .Ma^ 1 ^). Since 
99(2:, i>) = ^(z,w»j) = <p(z, uj 2 v), and since a^(z,w) = a^(z,(jo) = a 2 .^,^ u), we 
have 

(35) 3(f r )*(</?dA) = d(al)4tpdA), 

where d : M(T(S)) -> A^iV^S 1 )), is the operator defined at the be ginning of 
Section 4. 

Let (z,v) G T 1 !!, and set (zi,vi) = 7J(z,u). We say that (z,u) G (T 1 H)+ (or 
that (z,t>) is above the geodesic p 1 (z,v)) if h(z) > h(zi) and (z,v) G (T 1 !!) - 
(or that (z,u) is below the geodesic (p 1 ^,^)) if h(z) < h(zi). Since for almost 
every (z,v) G T 1 !! we have that either h(z) > h(zi) or h(z) < h(zi) we see that 
(T 1 H.) + U (r x H)- has full measure in T 1 H. The sets (T 1 H) + and (T 1 H)~ are 
disjoint and ^((T 1 !!)") = (T 1 !!)^ The sets (T X H)+ and (T X H) _ arc invariant 
under G and the sets (T 1 S') + and (T 1 S')~ are defined accordingly (recall that h(z) 
is well defined for z £ S). 

Definition 5.5. Fix r > 2, and let (z,v) G T 1 ]!. We say t/i<rf (z,v) G A-(G) 
i/ (z,v) G T 1 Th G (2r) n ^(T 1 Th G (2r)), and if a£(z,v) = a£(n(z,v)) (here we 
assume that both a^.(z,v) and a ? 1 ,(7?.(z, v)) are well defined). 

The set A r (G) is invariant under G and by A r (S) we denote the corresponding 
subset of T^S. 

Definition 5.6. Fix r > 2 and let c G Cusp(G). Let 

Q c = {(z,v) G T 7i c (2r) U 7£(?i c (2r)) : c is not an endpoint of &l(z,v)}. 
SetQ c = Q c mi(Q c ). Let 

B r (G) = [J{(z, v) £ Q c : &l(z, v) = a*(z', i/), whenever (z', «') G Q c and p 1 (z, v) = p 1 (z', 1/)}, 

where the union is taken over all c G Cusp(G). 

The set B r (G) is invariant under G and by B r (S) we denote the corresponding 
subset of T 1 ^. Note that 

B r (G) C T 1 Thin G (2r) U^(T 1 Thin G (2r)), 

so Ar{G) C\B r (G) = 0. 

Definition 5.7. Lei r > 2 and ie£ c G Cusp(G). Let 

Q' c = {(z,v) G T x U c {2r) n (T 1 !!)" 1 " : c is not an endpoint of a£(z,v)}. 

Set 

C r (G) = |J Q' c . 

cGCusp(G) 

Let (z,i>) G C r (G). We say that (z,v) G Cj?(G), if a r {z,v) = a r (u(I L (z 1 v))), and 
{z,v)£C?(G), ifa r {z,u;v)=a r (X R (z,v)). 
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The sets C r (G) and C^(G) are invariant under G and the corresponding quotients 
are denoted by C r (S) and C-j.(S). In the definition of Cj!(G), we consider the maps 
T^X* as the maps of T X H \ T 1 Th G (0). Since (z,v) G (7^)+, we have that 
l L (z,v) 7 and are well defined. Assume that (z,v) G B r (G) n (r 1 !!) 4 ". 

Then z G W c (l) for some c G Cusp(G) and h(z) > 2r (by definition of B r {G)). 
Moreover, neither ^f( z ,v) or ^u^v) gets absorbed by the cusp c. This shows that 
every such (z,v) belongs to C r (G), that is 

(36) B r (G) n (T 1 H) + c C r (G). 

Proposition 5.9. We have 1 L {C r {G)) = C r {G), andl L {C^{G)) = C*{G). 

Proof. Let (2,l>) G C r (G), and let (zi,«i) = T L (z,v). There exists a cusp c G 
Cusp(G), so that z G H c (2r). Set G = G c , and c = oo. It follows from the definition 
of J L , that h oc (z) = h 00 (zx). Also G^z,?;) = -0oo(^i, uv\), and 600(2:, uw) = 
-0oo(zi,«i)- This implies that hoc (z max (7 (zi!Wt , 1 ),oo)) = h 0O (z ma x(7(«,«)> and 

oo)). 

Since (z,v) G C r (G), we have & r (z,v) oo a r (z,w?j). In order to show 
(zi,vi) G C r (G), we need to show that a r (^i, Vi) ^ oo 7^ a r (zi, Assume that 

a r (^i,Ui) =00. Then h oc (z max (7( 2l ^ 1 ), 00))— hoo(zi) > r. But then 
hooC-z) > r, so a r (z,wu) = oo, which is a contradiction. Similarly we show 
a r (zi,CiWi) 7^ 00. Putting this together proves l L (C r (G)) C C r (G). In the same 
way we show C r (G) c J L (C r (G)). 

The equality I L (C^(G)) = C*(G), follows directly from the definition. □ 

We are yet to see that A r (S), B r (S), and C J r {S), are non-empty sets (see Lemma 
5.3). The following proposition is elementary and the proof is left to the reader. 

Proposition 5.10. Let r > 2. If (z,v) G T 1 Thin G (2r) U ^(T 1 Thin G (2r)) then 
< 2r- log 3 < h(z). 

Definition 5.8. Let r > 2, and let (z,v) G C r (G). Let c G Cusp(G), so that 
z G 7i c (2r). Set h r (z 1 v) = c. 5y bj(z,u), we denote the geodesic with the end- 
points a r (z,w) and h r (z,v) (providing that & r (z,v) exists). By h^(z,v) G T(G), 
we denote the triangle with the vertices a. r (z,v), & r (z,u;v), and h r (z,v) (providing 
that a r (z, lo 3 v), j = 0, 1, exist). 

From the definition of the set C r (G), we have that & r (z,v) ^ c ^ & r (z,uiv) (if 
a r (z,oj l v) = c, i = 0, 1, then t r (z,u> l v) = 0). This shows that the maps h r (z,v), 
hl(z,v), and h^(z,v) arc well defined almost everywhere on C r (G). Note that 
these three maps commute with the action of G, so we have the induced maps 
b r : C r (S) -> Cusp(S*), hi : C r (S) -> T(S), and b 2 r : C r (S*) -» T(S). The edges of 
the triangle b^(z,w), are &l(z,v), h].{z,v), and h).{z,Lov). 

For (z,v) G C r (G), let i r (z,v) = foot a i( z tJ )(ct(b^(z, v))), that is f r (z,v) is 
the foot of the centre of the triangle h^(z,v) G T(G), with respect to the ge- 
odesic &l(z 7 v) G T(G). Set i^(z,v) = foot b i( 2:1 ,)(ct(b^(z, v)j), and f^(z,v) = 
footbi( ZjW u)(ct(b^(z, v))). The notation i^(z,v) indicates that the point i^(z,v) 
belongs to the vertical edge of h^(z,v) that is on the "left-hand" side of h^(z,v), 
with the normalisation G = G\ 3r ( z . v ). Similarly, the point f^(z,v) belongs to the 
vertical edge of b^(z, v) that is to the "right-hand" side of b^(z, v). 
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Proposition 5.11. There exists ro > 0, so that for r > ro, the following holds. Let 
(z,v) £ C^(G), and set T L (z,v) = (zi,Vi). Assume that h^.(z,v) and hf,(zi,vi), 
exist. Then d(f 7 L (z, v), v(zi, t>i)) < e r . Similarly, if(z,v) £ C^(G), forT R (z,v) = 
(zi, vi), we have d(f ) R (z, v), f^(zi,Vi)) < e r , providing that h^(z, v) and bj?(zi, v\), 
exist. 

Proof. Suppose (z,v) £ C^(G). Let c = b r (z,v), and set G = G c . Let p(z\,v-\) = 
pi, p(z, uv) = p2, and p(2i, u>Vi) = p(z, w) = p% (the identity p(zi, uwi) = p(z, w) 
follows from the definition of T L ). Since h(z) = h 00 (z) = h oc (zi) > 2r > r + 2, 
we have by Proposition 5.6 that if a r (zi,v\) = c\ G Cusp(G), then 7Y Cl (l), is the 
first 1-horoball that the geodesic ray Ji ZllV1 ) enters after leaving 7ioo(l)- With this 
normalisation, we have that the Euclidean diameter of the horoball 7i Cl (l), is at 
most 1. Since the ray r y( Zl . Vl ) ends at the point pi, we conclude that \c\ —pi\ < 1, 
where \c\ —pi\ is the Euclidean distance between the real numbers c\ and p\. Let 
a r (z,uv) = c-2 G Cusp(G). Similarly, we see that |c2 — P2\ < 1- 

Since (z,i') G C^(G), we have a r (z,t>) = a r (.zi, wui) = C3 e Cusp(G). Similarly 
we see that |c3 — P3 1 < 1. From the fact that h QO (z) > 2r, we have that |pi — P3I = 
|P2 — P3I > e 2r . This implies that 

1 l c 3 — ci I , 2 1 _ r 

log R^-^T + o( ^ )<e ' 



for r large enough. Since 



dff(z,v),f?(zi,v 1 ))=log 



C3 - Ci 



|C3 - C 2 | 

the proposition follows. □ 

Let v G M A (C r (S)). Then (b»),(i/) G M(T(S)), and (f r L )>», G 

M(N 1 T(S)), are well defined since a* and a 2 are defined almost everywhere on 
C r (S). By definition, we have 



(37) d(\$).( V ) = (f r )*M + + &*).(!/) 

Definition 5.9. If & r (z,v) is defined, then the r- combinatorial length K. r (z,v) is 
defined as follows. Let 7 6e </ie geodesic ray that connects z and & r (z,v). Let 
1(7, t(G)), be the number of (transverse) intersections between the ray 7 and the 
edges from A(G). If z does not belong to Wa r (z,i;)(l) > then JC r (z, v) = 1(7, r(G)). If 
z belongs to W ar( ^)(l), tten £ r (z,u) = e h arC*,<o(z) = e h( - z ^ > 1. 

Again, the function K, r : T 1 .? — > R + U {0}, is defined almost everywhere. 

Proposition 5.12. There exists r$ > 0, so i/ia£ /or r > ro, the following holds. 
For (z, v) £ T 1 !!, we have 

K,(a r (z, v),f r (z, v)) < e{JC r {z, v) + JC r {z, uv)). 
Let (z,v) G C r (G). We have 

)C(a r (z, v), f r (z, v j) < JC r {z, v) + JC r (z,u)v), 
K.(b 1 r (z,v),{^(z,v)) < 5(K. r (z,v) + K. r (z,ujv)), 

and 

K{bl(z,u;v),f?(z,v)) < S(K r {z,v)+1C r {z,uv)). 
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Proof. Let 7 denote the geodesic ray that connects z and a r (z, v), and let 7' denote 
the geodesic ray that connects z and a r (z,uiv). Then every edge from A(G), that 
intersects (transversely) the geodesic a*(z, v), has to intersect one of the rays 7 or 
7'. This shows 

L(e$(z, v), r(G)) < 4(7, r(G)) + ,(7', r(G)). 

Assume that f r (z,w) belongs to the 1-horoball of one of the cusps a r (z,v) or 
a r (z,ojv), say f r (z,w) belongs to the 1-horoball at the cusp a r (z,v). It follows 
from Proposition 5.8 that for r large enough, we have 

d(f r (z,v),z) < d(foot a i( Zjt ,)(z),f r (z,i;)) + d(z,foot a i( Zit ,)(z)) < Ce~ r + logV3 < 1. 

Therefore, we have that e h *r<.*,«)( { r(z,v)) < e (i+h aT . (i ,„)(z))^ Thig proves the first 
inequality in this proposition. 

Assume now that (z,v) £ C r (G). Since a r (z,v) ^ b r (z,v) 7^ a r (z,uw), we have 
/C(a*(;z, v), tr{z, v)) = i(a*(z, v), t(G)). Let 7 and 7' be as above. Then every 
edge from A(G), that intersects (transversely) the geodesic a).(z, v), has to intersect 
one of the rays 7 or 7'. This proves the second inequality /C(a*(z, «),f r (z,u)) < 
K, r {z, v) + JC r (z, lov). 

If we prove 

/C(bi(z,z;),f t L (2, W )) < 5/C(ai(2, W ),f r (z,«)), 

then the third inequality would follow from the second. Note that d(f r (z, v),f^(z,v)) < 
log 3. We have 

lC(bl{z,v),~f r L (z,v)) < i (bi(z,w),T(G))+e /l — < t ( b i( z , w ), r(G))+e lo s 3+/l — ( F "( z ^». 

The geodesic aj;(z, v) intersects every edge from A(G), that is intersected by b*(z, v). 
In addition, the geodesic a\{z,v) intersects at least 2e(' Imax ( fr ( z ' , ')) _1 ) edges from 
A(G), that all have h r (z,v) as their endpoints (since h},(z,v) has h r (z,v) as an 
cndpoint, we see that h],(z,v) can not intersect (transversely) any edge from A(G), 
that ends at b r (z,v)). We have 

IC(a 1 r (z,v)X(z,v)) > L{hl{z,v),T(G))+2e^— ^,v))-i) > |_AC(bJ(z, «), f r L (z, «)), 

3e 

which proves the third inequality. The fourth inequality is proved in the same way. 

□ 

5.3. Certain special sets and their properties. We have 

Definition 5.10. Let r > 2. Define <p r : S —* R, by <p r (z) = 1, if z £ Ths(2r), 
and by 

^,( Z ) = e ^ mi "{0,(2r-h( Z )» 

Note that ip r is continuous on S, and ip r dA £ A4\(T 1 S). The induced function 
(fir : T 1 S — > R, is also denoted by tp r . 

Remark. The reason that the factor \ appears in the definition of <p r , is Lemma 
5.5 below. In fact, we could replace |, with any number between and 1. Also, 
note that if (z,v) £ A r (S), then ip r (lZ(z,v)) = (p r (z,v) = 1. 
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For r > 2, the set V r {S) C T 1 ^, is defined so that (z,v) G ^(S*), if h(z) < lOr, 
and if the inequalities t r (z,v),t r (z,ujv),t r (z,uj 2 v) < r 2 , hold. Note that if (z,v) G 
IV (£0 j then for r > 4, we have h(T) < r 2 , where T = & 2 (z,v) G T(S) (recall 
Definition 3.4 for the definition of h(T)). The following lemma will be proved in 
Section 7. 

Lemma 5.2. There exists r$ > 0, so that for r > ro, we have 

J QC r (z, v) + 1C r (z, uiv) + K r (z, lo 2 v) + l)(p r (z) dA < P(r)e~ r . 

T^S\V r (S) 

The following lemma will also be proved in Section 7. 
Lemma 5.3. There exists ro > 0, so that for r > ro, we have 

J (IC r (z, v) + K r (z, luv) + JC r (z, bj 2 v) + l)<p r (z) dA < P(r)e~ r , 
h, 

where H r = H' r n T> r (S), and 

H' r = (T 1 ^ \ (A r (S) U B r (S))) U (C r (S) \ C? (S)) U (C r (S) \ C?(S)). 

We now give a better description of the set H r . The results that follow in this 
subsection will not be used in the proof of Theorem 4.1 below, so the reader may 
skip the rest of this subsection and go to the next subsection and the proof of 
Theorem 4.1. 

Proposition 5.13. Let Z-\,Z\ G H ; so that &(z-i,Z\) > 2. Let 7 be the geo- 
desic that contains z_i and z\, and assume that z max (7,oo) = zo, where Zq is the 
midpoint of the geodesic segment between Z-\ and z\. Let W-i,Wi G H, so that 
d(z_i, W-i), d(zx, Wi) < 5, for some < S, and let 7' be the geodesic that contains 
W—i and w\. There exists a universal constant C > 0, so that for S small enough, 
we have d(z max (7, 00), z max (7', 00)) < CS. 

Proof. We work in the unit disc D. The point 00 G <9H, corresponds to the point 
i £ <9D. We may assume that zq = 0. Then 7 is the geodesic that connects — 1 
and 1. Moreover, z_i = —x, and z\ = x, for some x > (e — l)/(e + 1). Let 
q, qi, be the endpoints of 7'. From the assumption d(z_i, W-\), d(zi, W\) < 5, and 
since d(z_i,zi) > 2, we see that there exists a universal constant D > 0, so that 
\q + 1\, \qi — 1| < DS. The Mobius transformation / is uniquely determined by the 
conditions f{i) = i, /(— 1) = q, and /(l) = q\. Moreover, / depends smoothly on 
q near —1, and q\ near 1. Therefore, there exists a universal constant C > 0, so 
that d(z ,f(z Q )) = d(0, /(0)) < CS. Since f(i) = i, we have f(z ) = z max (j',i), 
and this proves the proposition. □ 

Let zi, Z2,W\,W2 G H, such that d(zi,wi) = d(z2,W2). Let Q, j = 1,2, be the 
point on the geodesic segment between Zj and Wj, so that d(zi, Ci) = d(z 2 , C2) = d. 
Then d(wi, Ci) = d(u>2, C2) = for some d! > 0. We have the following elementary 
inequality in hyperbolic geometry 

(38) d(Ci,C 2 ) < D(d(z u z 2 )e- d + d(w u w 2 )e- d '), 

for some universal constant D > 0. 
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Proposition 5.14. There exists ro > 0, so that for r > ro, the following holds. 
Let (z, v), (z', v') € T 1 !!, such that p(z, v) = p(z', v'), and d(z, z r ) < 10. Suppose 
that A p ( ?i „) [z, z'] = 0. Let p £ dH, and suppose A p [z max (7( Z/ „),p), z] > r. Then 

(39) d(z max (7 (Zi „),p),z max (7 (z / it ,/),p)) <re~ r . 
Moreover, we have 

(40) | Ap [z max (7(2,11) j p)j z] - A p [z max (7 (z / iI) /),p), z'}\ < 2re r . 

Proof. The rays Jc z ,v) and 7( z ',,/) end at the same point at dH. Since A p ( z [z, z'\ = 
0, and since d(z, z') < 10, for any t > 0, applying (j38j) we obtain 

(41) d( 7(ZiW) (i),7(,',,o( t )) < lODe"*. 

Let tg > 0, so that J( z , v ){to) = z max (7( z „),p). By Proposition 5.2 we have to > 
A p [z max (7( Zjl ,),p),z] > r. Let ( = 7( z ,„)(i - 1), and Ci = J(z,v){to + 1)- Also, let 
w = -f( Z ',v'){to - 1), and uii = 7( z >')(io + 1). By (gl]) we have d(C, w), d(Ci, w{) < 
10e 1_t °, so it follows from the previous proposition that for r large enough, we have 

d(z max (7( z ^),p),z max (7( z> ,),p)) < lODCe 1 ^ < re~ r . 

This shows that ([39]) holds. 

We may assume that p(z, v) = oo. Let a : R — > H, denote the naturally 
parametrised horocircle (with respect to oo), so that the oriented angle between 
the vectors a'(0) and v, is Then for every s, we have 

Aootz, a(s)] = 0. 

Moreover, there exists so E R, so that a(so) = Assume so > (the other case 
is handled in the same way). The number sq depends only on the upper bound of 
the hyperbolic distance between z and z' which is bounded above by 10. 

By a r : R — ► H denote the naturally parametrised horocircle (with respect 
to p), so that the oriented angle between the vectors a' r (0) and v is positive. It 
follows from Proposition 5.2 that |0 p (z,u)| < ire~ r . Therefore, the angle between 
the vectors a'(0) and a' r (0) is at most Tre~ r . We find that there exists a constant 
K > that depend only on sq with the following properties. For < s < (sq + 1) 
we have 

(42) \A OQ [z,a r (s)}\<Ke- r , 

Let 7 : R — > H denote the naturally parametrised geodesic that contains the 
geodesic ray jr z > tV >) such that 7(0) = z'. For r large enough, we have that a r 
intersects the geodesic 7. This is true because when r — > 00 we have that the 
horoball at p that contains z converges on compact sets in H to the horoball at 00 
that contains z and on the other hand we have that a intersect 7 orthogonally at 
z' . Let z" = a r n 7. Let < s' , be such that a r (s') — z". Then for r large enough, 
we have < s' < (s + 1). We have d(z',z") = \A x [z' ,z"\\ = [A^z,^'}] = 
\A ao [z,a r (s')] \ so it follows from ([412]) that 

d(z',z") < Ke~ r . 

Note A p [z,z"] = 0. It follows from fl39|) that 
I Ap[z max (7( z tV ] , p), z] - A p [z max (7,p), z"]\ < d(z max (7( Z: „),p),z max (7,p)) < re r . 
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Since d(z', z") < Ke r , we have for r large, that 

\A p [z max (j( ZiV) ,p),z) - Ap[z max (7 (z , ! „, ) ,p),z']| < re' r + Ke~ r = 2re~ r , 
which proves (|4*D")) . 

□ 

The following proposition states that if two unit vectors in T 1 H are nearby and 
related by the horocyclic flow then either they are absorbed by the same cusp or 
the first vector "just misses" being absorbed by some cusp or it just barely gets 
absorbed by some cusp. 

Proposition 5.15. Let r > 4 and let (z, v), (z' , v') G T 1 !! such that (z, v) G V r (G) 
and such that 

• P(z,v) = p(z',v'). 

• d(z, z') < 10 and A p ( 2)V ) [z, z'\ = 0. 

Assume that & r (z,v) ^ a r (z',t/). Then at least one of the following two conditions 
holds 

(1) There exists a cusp c G Cusp(G), such that 

r-r 2 e~ r < h c (z max (7( 2 , ) „), c)) - h c (z) < r + r 2 e~ r , 

and z max (7(z,i>)> c ) G W c (l). 

(2) There exists a cusp c G Cusp(G), such that 

1 - r 2 e~ r < hc(z max (7( Z) „),c)) < 1 + r 2 e~ r , 

and z max (7( Zjl ,),c) = 7( JSlt) )(i), for some r-l<t<r 2 + l. 

Proof. Set a r (z, v) = c G Cusp(G). We have c 7^ a r (z',i/). First consider the case 
when the geodesic ray 7( z ',t,') does not intersect Ti. c (l). In this case we show that 
the condition (2) holds. It follows from ([5^]) that 

■-H max 

Since z m ax(7( z ,u), c) G H c (l) and since in this case z max (7( z / |t) «, c) does not belong 
to W c (l), we conclude that 1 < h c (z max (7( z c)) < 1 + r 2 e~ r . Let t > be such 
that z max (7( Zj „), c) = 7( Zi ,;)(io)- I n order to show that (2) holds it remains to prove 
that r — 1 < to < r 2 + 1. Let t\ > so that Ji z , v ) (ti) is the first point of entry 
of the geodesic ray J( z ,v) m to 7i c (l). Then t r (z,v) = t\ and by the assumption 
(z,v) G T> r (G) we have t\ < r 2 . Since h c (7( 2) „) (io)) — h c (7( 2jV )(ti) < r 2 e~ r and 
since by Proposition 5.2 we have — ii < h c (7( Z)l) )(to)) — iic(l(z,v)(ti) + l°g2, we 
have t r (z,v) < to < t r (z,v) + 1 < r 2 + 1. On the other hand, since & r (z,v) = c 
we have h c (7( Zil ,)(io)) — h c (z) > r. Then from Proposition 5.2 we have to > r — 1. 
This shows that the condition (2) holds. 

From now on we assume that 7( Z ' jt> ') enters the horoball 7i c (l) but that c 7^ 
& r (z',v'). Then there are two possible reasons why c 7^ a r (z',i/). The first one is 
that A c [z max (7 (z> /),c),z'] = h c (z max (7( z / )tJ /), c))-h c (z') < r. Since A c [z max (7 (Zjl ,), c), z] = 
h c (z max (7 (z - h c (z) > r, from (gUJ) we find that r < h c (z max (7( Z)W ), c)) - 
h c (z) < r + r 2 e _r . So in this case the condition (1) holds because we already know 
that z max (7 (Zi . u) ,c) G H c (l). 

The second reason is that the geodesic ray 7( z ',„') gets absorbed before enter- 
ing the horoball 7i c (l). Set a r (z',i/) = c' G Cusp(G). If to > is such that 
Zmax(7(z,u), c') = 7( Zj „)(to) then t < t r (z,v) < r 2 . Assume that z max (7(2,„), c') 
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does not belong to 7i c i(l). Then we show that the condition (2) holds (with 
respect to the cusp c'). Since z max (7( z ',D'), c') G H C >(1) by |39|) we have that 
Zmax(7( z ,i;)jC') G H c '(l - r 2 e~ r ). Since h c /(z max (7(^ i „/), c')) - h c /(z') > r, from 
(HI we get that 

lv(7(«,t>)(*o)) ~ IvO) > h c /(z max (7 (z / i1; /),c')) - h c /(z') - r 2 e~ r > r - r 2 e~ r . 

This yields that r — 1 < to. We have already seen that to < t r (z,v) < r 2 . This 
proves the statement. 

It remains to examine the case z max (7( Zi „), c') G 7Y C '(1). We show that in this 
case (2) holds. Again let t > such that z max (7( z ,«), c') = J( ZjV )(to)- It follows 
from (go]) that 

h C ' (7(2,d) (*o)) - hc'(-z) > h C '(z max (7 (z /^/),c')) - h c '(z') - r 2 e~ r >r- r 2 e~ r . 

On the other hand, we have that h c /(7( z fV )(to)) — h C '(z) < r because otherwise we 
would have that & r (z,v) — c'. The last two estimates put together give us that 
r — r 2 e~ r < h c i (^f/ ZtV \ (to)) — h c <(z) < r. This proves the proposition. 

□ 

The following proposition replaces the hypotheses d(z, z') < 10 and A p(Zj!; ) [z, z'} = 
of Proposition 5.15 with the condition that z and z' are in Thc(2r — log3). 

Proposition 5.16. Let r > 4 and c G Cusp(G). Let (z,v), {z',v') G T 1 W c (2r - 
log3) where (z,v) G T> r (G) such that p(z, v) = p(z',t/) and smc/i i/iai a r (z,f) 7^ 
c 7^ a r (z', «'). Ifa r (z,v) 7^ a r (z' t/ien the following holds 

• There exists a cusp c G Cusp(G) ; suc/i £/«z£ 

1 - r 2 e~ r < h c (z max (7 (Z:t)) , c)) < 1 + r 2 e~ r 7 

and z max (j {zv) ,c) = J( ZjV )(t) for some r-l<t<r 2 + l. 

Proof. Since a r (z,v) ^ c ^ a,.(z',w') we have that p(z,v) = p(z',v') 7^ c. Since 
2r — log 3 > r + 2 (because r > 4), it follows from Proposition 5.6 that J( z ,v) gets 
absorbed by the first 1-horoball it hits after leaving 7i c (l). The same is true for 
the ray 7( z ',„<). 

Let 77 be the horocircle at p(z, v) that is tangent to TL c (2r— log 3). Let •jj, j = 1, 2, 
be the two geodesies that start at p(z, v) and that are tangent to 7i c (2r — log 3). 
Let 771 be the subsegment of 77 that is bounded by the points jj n ?y (since jj starts 
at the same point on R where 77 touches R, there exists a unique intersection point 
7j n rj in H). We have that the hyperbolic length of 771 is equal to 1 and that 771 is 
contained in TL c (r + 2). Let z\ and z[ be the points of intersection between 771 and 
the geodesic rays j! z ,v) an d li z ',v') respectively. Observe that Ap^^Jzi, z[] = 
and d(zi,4) < 1- A l so z i,z'i G H c (r + 2). 

Let (zi,?ji) G T 1 !! be such that the ray 7( Zl)t)1 ) is contained in the ray 7(2,^)- 
Similarly let (z[,v'i) G T X H be such that the ray 7( z ^ )t) j) is contained in the ray 
7(z'«')- Since Zi,z[ G W c ('*' + 2) from Proposition 5.6 we have that a r (zi,ui) = 
a r (z,u) = ci and a r (zj,t4) = a r (z',u'). Also ?' + 2 < t r («i,«i) < t r (z,v) < r 2 . We 
now apply the previous proposition to (zi, ui) and (z[, v[). Since r + 2 < t r (zi,Di) 
we see that the condition (1) from the previous proposition can not hold so we 
have that the condition (2) holds for (zi,i>i) and hence for (z,v). This proves the 
proposition. 

□ 
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We can now define three "error sets " and show that any point of the "bad set" 
H r belongs to one of these three sets. 

Definition 5.11. Let r > 2. Define the sets £l(G) C T> r (G), £ = 1,2, 3, as follows. 
We say that (z,v) G £}.{G) if 

• We have (z,v) G V r (G). 

• We have h(z) > 2r — log 3. 

• Let c G Cusp(G) such that z G TL c {2r — log3). Then c is an endpoint of 
a$(z,v). 

We say that (z,v) G £ 2 {G) if 

• There exists a cusp c G Cusp(G), such that r — r 2 e~ r < h c (z max (7( Z) „\, c)) — 
h c (z) < r + r 2 e~ r and z max (7( a!lt) ), c) G H c (l). 

• We have (z,v) G T> r (G) and (z,v) does not belong to £^(G). 
We say that (z,v) G £%{G) if 

• There exists a cusp c G Cusp(G), so that 1 — r 2 e~ r < h c (z max (7( z „), c)) < 
1 + r 2 e~ r and so that z max (7( z v ) , c) = Ji x v ) (t) for some r — 1 < t < r 2 + 1. 

• We have (z,v) G T> r (G) and (z,v) does not belong to E*(G). 

Note that the set £*(G), i = 1,2,3, is invariant under the action of G and the 
corresponding quotient is denoted by £l(S). 

Proposition 5.17. Suppose that (z,v) G H r . Then (z,v) G £ l r {G), for some 
£ = 1,2, 3, or (z, lov) G £l(G) for some £ = 2,3. 

Proof. We refer the reader to the flow chart for the logic of the proof below. Assume 
that (z,v) G (T 1 H\ (Ar(G) U B r (G))) and that (z,v) G V r {G). 

If (z,v) G T 1 Th G (2r) n H(T l Tha(2r)) then by the definition of A r (G) we 
find that either & r (z,v) ^ & r (tu(lZ(z,v))) or & r (z,cuv) ^= a r (7?.(z, u)). Suppose 
that a r (z,v) ^ a r (aj(7?.(z, u))) (the other case is handled in the same way), and 
set (z',v') = oj(7Z(z, v j). Then p(z,v) = p(V,v') and Ap^) [z, z'\ = 0. Also, 
d(z,z') = log 3 < 10. Then by Proposition 5.15 we have that (z,v) belongs to one 
of the sets £i(G), j = 2,3. 

If (z,v) G T 1 Thin G (2r) U ^(T 1 Thin G (2r)) then by Proposition 5.10 we have 
z G 7Y c (2r — log 3) for some c G Cusp(G). Suppose that (z,v) does not belong 
to B r (G). There are two reasons why this can happen. The first one is that 
(z,v) does not belong to the set Q c = Q c n 7Z(Q C ) defined in Definition 5.6. Set 
(z',v') = lZ(z,v). Then aj(z, v) or a^(z',w') has c as its endpoint. If &),{z,v) has 
c as its endpoint then (z,v) G £}{G). If & r (z',uiv') = c then by Proposition 5.15 
we have that (z, v) belongs to one of the sets £-j.(G), j = 2, 3. If a r (z', v') = c then 
(z,u>v) belongs to one of the sets £i(G), j = 2,3. 

Assume (z, v) G Q c - If (z, v) does not belong to B r (G) then there exists (z', v') G 
T l H c (2r) U ^(T 1 H c (2r)) such that 

• pHz^v) = p 1 (z',v'). 

• a^(z', v 1 ) does not have c as its endpoint. 

• al(z,v) ^ al(z',v'). 

Then z, z' G TC c (2r— log 3). The condition a^(z, v) ^ a*(z', i/) means that a r (z, w) 7^ 
a r (z',i/) or & r (z,ujv) ^ a r (z',ww'). Applying the previous proposition to (z,u) and 
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Figure 5. Flow chart part 1 
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Figure 5. Flow chart part 2 
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Figure 5. Flow chart part 3 
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(z',v') (or (z, ujv) and (z', ujv')) we conclude that (z,v) or (z,u>v) belongs to the 
set £ r 3 (G). 

Assume that (z,v) G (C r {G)\C 1 L {G)) and that (z,v) G XV(G). Then z G H c (2r) 
for some cusp c G Cusp(G) and c is not an endpoint of a].{z,v) (by the definition 
of C r {G)). Then p(z,v) ^ c ^ p(z,u)v). Set (z',v') = 2 L (z,v) (note that l L (z, v) 
is well defined since p(z,v) ^ p(z,ww)). Then al(z',v') since by Proposition 
5.9 (z',v') G C r (G). Suppose that a r (z,v) ^ a r (z',uw'). Then by the previous 
proposition we have that (z,v) G £ 3 (G). The case (z,v) G (C r (G) \C^(G)) is 
treated in the same way. □ 
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5.4. The proof of Theorem 4.1. Recall the statement of Theorem 4.1. 

Theorem 5.1. There exist a constant tq{S) = r$ that depends only on S , so that 
for every r > there exists a finite measure /i(r) £ M.(T~{S)) so that the total 
measure \n(r)\ satisfies the inequality 

«m < Wr) | < tarn, 

and with the following properties. There exist measures a(r), ai(r), /3(r) £ A'J(N 1 r(S')) 
so that the measure dfj,(r) £ Al(N 1 r(S')) can be written as <9/i(r) = a(r) +ai(r) + 
f3(r) and the following holds 

(1) Let /2(r) denote the restriction of the measure /i(r) to the set of triangles 
T £ T{S) for which h(T) > r 2 . Then 



(AC(7*, z) + l)ddp(r) < P(r)e" r . 
N x r(s) 

(2) The measure a(r) is re~ r -symmetric, and the measure ot\(r) is Q-symmetric, 
for any Q > 200. 

(3) We have 

J (/C( 7 *,z) + l)rf/?(r) < P(r)e- r . 
N 1 r(s) 

(4) We have 

J dct\(r) < e~ r . 
N!r(S) 

Proof. Let i? r : T X S — > R be defined as follows. If (z,v) does not belong to C r (S) 
then $ r (z, v) = 0. For (z, v) £ C r (S) we have 

•&{Z, V) = tpr(K(z, v)) - lfi r (z, v). 

If (z, v) £ C r (G) we have that z £ TL- br ^ z v ^{2r). Therefore, h(z) = h br ( z t ,)(z). It 
follows from the definition of tp r that ip r (z) depends only on that h br ( z „) (z) and 
is decreasing in h br ( Zit ,)(z). Since (z,v) £ C r (S) C (T 1 S) + we have that i? r is a 
non-negative function. 
We define the measure 

(43) n(r) = (4)* (<Pr dA) + 3(b 2 )* (0 r dA). 

Since cp r < 1 on T 1 ^ and since ip r (z,v) = 1 for every z £ Ths(r) we conclude 
that the total measure of <p r dA is approaching A(T 1 S') when r — > oo. Since d r <2 
on T-^S and since "& r {z) = for every (z,v) £ T 1 Th5(r), we have that the total 
measure of $ r dA tends to zero when r — > co. So for r large enough we have that 
the total measure |/x(r)| satisfies the inequality 

^1 < |„(r)| < ^m. 

2 1 v n 2 
Let be the restriction of the measure /i(r) to the set of triangles T £ T(S) for 
which h(T) > r 2 . Let (z, v) £ T X S be such that the triangle a. 2 (z, v) belongs to the 
support of /t(r). Then at least one of the inequalities t r (z, u^v) > r 2 , j = 0, 1, 2, is 



RANDOM IDEAL TRIANGULATIONS 



65 



satisfied, so (z, v) G T X S \ T> r (S). From Proposition 5.12 and Lemma 5.2, we have 
that for r large enough, the following holds, 

J (/C(7*,z) + l)ddju(r) < 5 J (JC r {z, v) + K. r (z, uv) + K. r (z, uj 2 v) + l)<p r (z) dA 
N!r(s) r 1 s\i> r (s) 

< P(r)e~ r . 

Next, we define the measures a(r), ai(r), and (3{r). Let (p^(z,v) = (p r (z) 
if (z,v) G ^4r(<5)) an d otherwise. Let ipf(z,v) = f r (z) if (z,v) G B r (S), and 
otherwise. Let d^(z,v) ~ l & r (z,v) if (z, v) G B r (S), and otherwise. Let i9^(z,f) = 
i? r (z,w) if (z,v) G Cr(S), and otherwise, and let = § r {z,v) if € 

Cr '(S), and otherwise. 

Set 

a' (r) = 3(f r )*(<^dA), t*i(r) = 3(f r )»(^ dA) + 3(f r ),(i9f dA), 

and 

a"(r) = 3(^),(1?J dA) + 3(f r R ),(i^ dA). 
Set a(r) = a'(r) + a"(r). In addition, let 

/3(r) = 3(f r )4(^ ? . - ^ - ^) dA) + 3(f r )*(tf r - 0?)+ 

+3(f r i )*((tf r - dA) + 3($?),((0 P - 0*) dA). 

We have 

a(r) + ari(r) + /?(r) = 3(f r )*O r dA) + 3(f r )*(tf r dA) + 3(^).(0 r dA) + 3(f,?)*(tf r dA), 

so we conclude from (|35|) and ([37)) that 9/x(r) = a(r) + a\{r) + /3(r). In order to 
prove Theorem 4.1, it remains to prove that the measures a(r), ai(r), and /3(r) 
satisfy the corresponding properties. 

We first show that a'(r) is re -r -symmetric. Let 7 G L(G) and let 7^ and 7! 
denote the two orientations on 7. Let 1^(7) C A r (G), i = 1, 2, so that (z, u) G ^(7) 
if f r (^,v) G A fl 7*. By the definition of the set A r {G) we have that Yi(j) and ¥2(7) 
are disjoint, and 7?.(Yi(7)) = 1*2(7). For (z,v) G ^1(7) set lZ(z,v) = (zi,vi). 
Combining Proposition 5.5 and Proposition 5.8, we have that 

d(f,.(z, V), tr(Z!,Vi)) < d(f r (z, u), foot a i( Z: . u) (2)) + d(f,.(zi, Wi), foot a i( Zi „) (zi)) 

< Ce- r + Ce- r < re~ r , 

for r large enough. From the property (3) of Proposition 4.1, and since Jac(7?.) = 1 
we see that the measures (f r ) t vi and (f r )*z>2 are re _r -equivalent on 7, where i^j 
is the restriction of the measure 3(f r )*(yv dA) on 1^(7). This shows that a'(r) is 
re _r -symmetric. 

Next, we show that a"(r) is e~ r -symmetric (and therefore this measure is re~ r - 
symmetric). Let (z,v) G C r (G). By Proposition 5.9 we have that (z,v) G C^(G) 
if and only if T L (z,v) G C^(G). Also, for almost every such (z,v) we have that 
a r (z,u), a r (I L (z, v)), and a,);(X- R (z, u)) are well defined. We only need to consider 
such points. Then, by Proposition 5.11 we have that d(f^(z, v), f^(T L (z, v))) < e~ r 
for r large enough. 

Let 7* be the orientation on 7 = b*(z, v) = by(a>(I L (z, v))) so that the endpoint 
a r {z,v) comes before the endpoint h r (z,v) on 7*. Let ¥1(7) C C^(G) so that 
(z,v) G Yi if f r L (z,v) G A fl 7*. Set y 2 ( 7 j = I L (Yi(7)). We have y 2 ( 7 ) C C?(G) 
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and for (w,u) £ ^2(7) we have f^(w,u) £ A fl (— 7*). Since Jac(I L ) = 1 and from 
the property (3) of Proposition 4.1, we see that the measures (f^)*Vi and (f^)*^ 
are e _r -equivalent on 7. Here v\ is the restriction of the measure $ r dA on ^1(7), 
and V2 is the restriction of the measure -d r dA on ^2(7)- 

Since both measures a'(r) and a"(r) are re _, *-symmetric, we see that a(r) is 
re~ r -symmetric. 

From Proposition 5.10 we have that if (z, v) £ B r (S) then h(z) > 2r — log 3. For 
r large enough, we have 

dai(r)<3 J (i Pr + ^ r )dA<6A(T 1 S\T 1 Th s (2r~\og3))<e~ r . 

N!T(S) B r (S) 

The following lemma will be proved in the next section. 

Lemma 5.4. The measure ot\(r) is Q-symmetric, for any Q > 200. 

It remains to analyse j3(r). From the definition of (3(r) (and from ([36]) ) we 
see that if either of the points f r (z,v), f r (z,v), i^(z,v), or ff-(z,v) belongs to the 
support of (3(r) we have that (z, v) £ H r (recall the definition of H r from Lemma 
5.3). Note that r d r (z,v) < ip r (z,v) for every (z,v) £ T 1 S. From Lemma 5.2, 
Lemma 5.3, and Proposition 5.12, we have 

J (K('f,z) + l)dP(r) <5 J(K, r {z,v) + )C r (z,u;v) + l)<p r {z)dA+ 

N!r(S) H r 

+5 J (K r (z,v) + JCr(z,uv) + l)(p r (z)dA < P{r)e~ r , 

T 1 S\X' r (S) 

for r large enough. This completes the proof of Theorem 4.1. □ 

6. The proof of Lemma 5.4 
6.1. Preliminary propositions. We have the following preliminary propositions. 

Proposition 6.1. Let (z,v) £ T X H and set (zi,Vi) = TZ(z,v). Let p £ 9H. Set 

w = foot 7 (z) = foot 7 (zi) and denote by u a unit vector at w that is tangent to 7. 
Then 

|A p [*,2ti]| < 2|0 p (iu,u)|sinh(logV3). 

Proof. Recall that d(w,z) = d(w, Z\) = log-s/3- Let / £ Mob(H) be the rotation 
centred at w, and so that <d p (f(w,u)) = 0. Then / is a rotation for the angle 
\<d p (w, u)\. Let (z',v') = f(z,v) and (z'^v^) = f(zi,v{) = 7Z(z',v') (here we use 
that TZ commutes with /). Then A p [z' , z[] = 0. 

Recall d(w, z) = |log3. Using the formula that says that the hyperbolic cir- 
cumference of the circle of radius s is 2-7T sinh(s) we conclude that 

d(z, z'), d(zi, z[) < \Q p (w, u)\ sinh(log V%). 
Since A p [z', z^] = and from the previous inequality we get 

\A p [z, Zl }\ < \A p [z',z[]\ + d(z,z')+d(z 1 ,z' 1 ) < 2\Q p (w,u)\smh(logV3). 

□ 
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Let 77 be a geodesic in H and let <f> : R — ► 77 be the natural parametrisation 
of 77 so that </>(0) = z max (?7, 00), and so that 00 is to the left of 77*, where 77* 
is the push-forward of the orientation on R by the map <f>. Let (zq,vq) G H 
be the unique point so that p 1 (zo,7j n ) = f], and so that Q 00 (zq 1 lo 2 vq) = 0. Set 
S t {z 0l v ) = (z t ,v t ). Let (z' ,v' ) = Tl(z ,v ), and set S(_ t )(z' ,v' ) = (z' t ,v' t ). Then 
foot^(^) = foot t? (z t ) = cj)(t) G 77. 

Definition 6.1. Let q(t) = h 00 (zt), and p(t) = h 00 (z' t ). 

Proposition 6.2. We have < q(t) — p(t) < 27rsinh(logv / 3)e _ ' t ' ) and 

|g(t)-(?(0)-|t|)|<b g 6. 

Proof. Note that q(t) — p(t) = h c (z t ) — h. c (z' t ) = A c [z t ,z' t ]. Let Wt = foot r; (z t ) = 
foot ?) (z(), and let u t be the unit vector so that < \Q c (wt,u t )\ < \. Such vector 
exists because c is not an endpoint of 77 (when t = there are two such vectors and 
we choose either one). Also, d(wo,wt) = \t\. From Proposition 6.1 we have 

q(t) - p(t) < 2|e c (tut,ut)| sinh(log 
The identity (J29j) yields 

|*| = log (cSc(8 c (tO t ,Ut)) + COt(9 c (-77J t , u t ))) , 

and therefore, we have 

sm(Q c (w t ,u t )) _ m . 

1 1 ^<e l £ l < sm(e c (i7J t ,u t )). 

Since for < 6 < we have < § sin0, we find |0 c (ui t ,u t )| < 7re — . This shows 

q{t)-p(t) < 7re _|t| 2sinh(logV5) = 27rsinh(log v^e" 1 ' 1 , 
which proves the first inequality. 

It follows from Proposition 5.2 that h c (wo)—h c (w t ) > |t| — log 2. Since d(w t , z t ) = 
log v/3, we have q(0) -q(t) > |t|-log2-log3, which proves \q(t)-(q(0)-\t\)\ < log 6. 

□ 

Proposition 6.3. Let T > and let 

T 

5t(v) = J ( e ^ — e dt. 

-T 

Then 



7r 2r-q{0) 

S T (r]) < 24(eV3 - l) e — a - 



Proof. We compute 



f ( 2r- P (t) 2r- q (t) \ 



2r-<,(0) / g(0)-q(t) . q(t)-p(t) . 

tit = 2e — 2 — / e 5 ( e — 2 — _ 1) dt. 







We apply Proposition 6.2 to the right hand side of the above inequality and since 
e kx _ 1 < ( e fc _ 1)2; f or x g [0, 1], we get 

00 00 

2r— g(0) /* t / 7re -t * , _2_ * 2i — g(0) f t + 

S T {v) < 2e — 5 — / 6e 5 (e v^t - l) rff < 12(e 73 - l)e — = — / e 5 e~* dt. 
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The identity 

dt = 2, 



completes the proof of the proposition. □ 

Proposition 6.4. For any T > let fji T and fJ-Z T be the measures on R that are 
supported on [— T, T] and given by 

, 2r- q (t) 

LK,,t = e 2 dt, 

and 

_ 2T- P (t) 

fj, ViT = e 2 dt, 

Let S rh T be the measure on R that is supported at the point and such that 

<S„, T (R) = S VlT ({0}) = ^,7,t( R ) - <tW- 
Then the measures (/xjj~ T + ^,t) an d t are *2~ equivalent for Q = 24(e vS — 1). 

Proof. We write /Lt~ and 5 for /xj" T , /U~ T and <5, ; ,t respectively. To prove that 
the corresponding measures are Q-equivalcnt we use Proposition 4.1. Observe that 
for any igR, 

(44) n+(-oo,t]<iT(-oo,t], 
and 

(45) oo,t] < ge 21 ^. 
Moreover when —T<t<t + Q<Twe have 

t+Q 

/2r— g(0) 2r— g(0) 

/, 

Finally by the definition of <5 we have 

(47) ( M + +,5)(R)= / i-(R). 

We now show that for any t € R we have 

(48) (/!+ +S)(-oo,t] < n~(-oo,t + Q). 

For t < -T the left hand side of the above inequality is 0. For -T <t <t + Q <T 
the inequality follows from (|4"4"|) . (|4"5|) and (|4"o| . For t > T the inequality follows 
from (|47|). This shows 

By s — > — s symmetry we have 

(49) /x+ + £)[-*, oc) </i-(-t-Q,oo), 
and replacing — £ with t + Q we obtain 

(50) (/i++*)[t + Q,c») oo). 
Thus by |g7J) we have 

(51) fi-(-oo,t]<(n + +6){-oo,t + Q). 

We have verified the hypothesis from Proposition 4.1 and this proves the proposi- 
tion. 
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□ 

6.2. The proof of Lemma 5.4. Let r > 2 and let 7 G T(G). We need to show 
that the restriction of the measure a 1 (r) to N lr y is Q-symmctric. For r large, we 
have that the support of the measure a\{r) is deep into the thin part of N 1 ^. In 
fact, it follows from Proposition 5.10 that B r (G) C T 1 Thin G (2r- log 3). Note that 
for (z,v) G B r (G) we have that h(foot p i( Z: „)(z) > 2r — log3. Combining this with 
Proposition 5.5, we have that for r large enough, the restriction of the measure 
ai(r) to AT X 7 is supported in AT 1 7 n (T 1 !! \ T 1 Th G (2r - log3 - 1)). Therefore, 
for each cusp c G Cusp(G) we consider the restriction of the measure ct\{r) to 
7V 1 7nT 1 H c (2r-log3- 1) which we denote by ai(f t c,r). To prove Lemma 5.4, it 
is enough to show that each ol\ (7, c, r) is Q-symmetric. There are only finitely many 
cusps c G Cusp(G), so that 01(7, c, r) is a non-zero measure, and the restriction of 
ot\(r) to AT 1 7 is the finite sum of these measures o;i(7, c, r). Note that if c is an 
endpoint of 7 then ct\ (r) is the zero measure. 

Let G — G c (then c = 00). We say that (z,v) G B*("/,c), where * G {+, — }, if 
the following holds 

• We have (z,v) G B r {G). 

• We have (z,v) G (T 1 !!)*. 

• f r (z, v) G A rl (7 n W c (l)). 

We say that (z ,«o) G U + c B+(7,c), if © c (z ,^ 2 wo) = 0. Set (z' ,v' ) = 
TZ(z ,v ), and let U~ = 1Z(U + ). By definition of B r (G), we have U~ C $"(7,0). 
For (z ,v ) G W + and t G R set (zt,i>t) = S t (z ,v ). Also (z^nQ = S(_ t -)(z' ,v' ). 
We have 

Proposition 6.5. Fix (zo,vq) G C/ + . TTiera there exists T = T(zq,vq) > swc/i 
i/iai i/*e set i G R : (z t ,t> t ) G £^(7,0) is a symmetric interval (— T,T) or [— T, T]. 

Proof. Observe that p(zq,vq) = p(z t ,v t ), for any t G R. The condition (z t ,i> t ) G 
j?V (7, c) it equivalent with the following two conditions. The first one is that c 
is not an endpoint of a*(z t ,?; t ) or of a^.(z' t ,v' t ). The second one is that (z t ,w t ) G 
(H c (2r) U 7£(W c (2r))J. One directly verifies that each of these two conditions is 
satisfied on a symmetric interval. □ 

Proposition 6.6. There exists ro > 0, so that for r > r$, the following holds. Let 
{zq,vq) G U + . For every t G (— T(zo, Vo), T(zq, Vo)), we have 

dty(t), fr(z t ,v t )), d(i>(t)M4,<)) < re~ r , 
where if) : R — > 7 is the natural parametrisation of 7 such that ip(0) = z max (7, c). 

Proof. Assume that G — G c (then c = 00). Since (z ,vo) G B r (G), and since 
(zo, vo) is above p 1 (zo, ^o), we have that h oo (z ) > 2r > r + 2. By Proposition 5.6 
we have that H ar r ZOtVo )(l), is the first 1-horoball that the geodesic ray J(z ,v ) enters 
after leaving 7ioo(l)- Since with this normalisation the Euclidean diameter of any 1- 
horoball (except the one based at 00) is at most 1, and since the ray 7( Z0jt , ) ends at 
p(z ,v ), we have \a T (zo,v )-p(zo,v )\ < 1. Similarly, |a r (^ , w« ) -p(z , cju )| < 
1. From h oc (zo) > 2r, we have that 

\p(z , v ) - p(z , w«o)| > 2e- h -( 2 °)- log ^ > e 2r . 

Let / G Moboo(H), be the unique Mobius transformation so that /(p 1 (zo, vo)) = 7 
(note that foot 7 (/(z )) = ^(0)). Then for £ G H, we have f(() = li( + l 2 , where 
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h > 0, and I2 G R- The coefficients h,h, are determined by the conditions 
/(p(zO)«o)) = a r (2:o,wo), and /(p(^o, wuo)) = a. r (z ,Luvo). We have 

I log ii| <log(l + 2e- 2r ) < 2e~ 2r 

and |Z 2 | < 1. Since h. 00 (z t ),h. 00 (z / t ) > 2r - log 3, for t 6 [—T(zq,Vo),T(zq,Vo)] we 
have that 

d(z t , f(z t )), d(z' t , f(z' t )) < 2e- 2r + ie- 2r = 5e~ 2r . 
Since foot 7 (/(zt)) = ij>{t) and since foot 7 does not increase the hyperbolic distance 
we obtain 

d(foot 7 (zt), VW), d(foot 7 (4), ip(t)) < 2e- 2r + 3e- 2r = 5e~ 2r . 
Together with Proposition 5.8 this completes the proof. □ 

Let (zq,vq) G U + . Define the mappings / ( tf~ ) : (~ t ( z Oi v o),T(z ,vq)) -> N 1 ^, 

by 

and let 

*Vo,«o) = (A^o,t'o))*(^P 1 (^o,fo),T( Z o/»o))' 

where the measures were defined in Proposition 6.4. We have that fxtj^ » G 

A1(A'' 1 7). Note that > is supported at the point (tp(t),n(t)), where n(t) is the 

unit normal vector at z that points towards the cusp c (so \Q c (ip(t),n(t))\ < ^). 
The measure fi7 > is supported at the point (ip(t),n(t)), where n(i) is the unit 
normal vector at z that points away from the cusp c (so \O c (ip(t), n(t))\ > 

Let £(z 0i „ ) be the atomic measure that on A fl 7 that is supported at the point 
{ip(0),n o ), where c (^(O),ra o ) = 0, and the mass of 6 (z(V „ o) is 6 T ( Z0 , V0 - ) (p 1 (z , v )) 
(recall the definition of Jt(^) from Proposition 6.3). 

Proposition 6.7. For every (z ,v ) G £/+ £/ie measure (/^ 0)Vo ) + 5(2o,vo))+M(i 0)Vo 
is Q + 1- symmetric. 

Proof. We can by abuse of notation write /xj^ e x and <5( 20jt , ) as measures on 7 
rather than on iV 1 7. Then we must show that (jut Uo n + ^(z .«o)) ano ^ u are 
Q + 1-cquivalent. 

We let 77 = p 1 (zq, vq) and T = T(zq,vq). By the previous proposition for t G 
(— T, T) we have d(/^~ o (t), ^(t)) < re~ r < |, for r large enough. Therefore by 

Proposition 4.1 the measures ^J g v s and ip*fi^ T are ^-equivalent. Also <5( Z0! „ ) = 
ip«S nt T- The proof now follows from Proposition 6.4 and Proposition 4.6. 

□ 

Let E be a Borel subset of U + . For t\, ti G R, ii < £2, let 

£(ti,t 2 ) = {S t {z,v) : (z,v) eU + ,h<t< t 2 }. 

Since St is a measure preserving flow (one-parameter Abelian group) and since 
S t (U + )nlJ + = 0, there exists a non- negative constant a + (E) that depends only on 
E, so that A(E(ti,t 2 )) = a + (E)(t 2 — t\). The constant a + (E) is called the cross 
sectional area of the set E. This way we construct a positive Borel measure a + 
on U + . Similarly, we get the measure <r~ on U~ . If E C U + , then 1Z(E) C J7 _ , 
and ct+(S) = a-{1Z{E)) (because Jac(ft) = 1, and Ro5 ( = 5 ( _ t) o ft). This 
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shows that the restriction of the map 1Z : U + — ► U , satisfies that lZ*a = a + . If 
a + (U + ) = 0, then the measure a\ (r) is the zero measure. 
It follows from the definition of a\(r) and from (f36|) that 

0-1(7,0,7-) =3 / ((/x+ q , uo) + <J (zo ,„ o) ) + A\ Zo , t J d<r + (z , v ). 

u+ 

Then Lemma 5.4 follows from the previous proposition and Proposition 4.7. One 
sees from Proposition 6.4 that Q + 1 < 200. 

7. Estimates on the combinatorial length 

The following definition and propositions will be used throughout this section. 
Recall that for (z,v) G T X H the map J(z,v) '■ [0, oo) — > H is the natural parametri- 
sation of the geodesic ray that starts at z and that is tangent to the vector v at z 
that is 7^ „)(0) = v. By 7( 2 ,„)[0, t] we denote the corresponding geodesic segment. 

Definition 7.1. Let (z,v) G T^H and f 6 R. The geometric intersection num- 
ber t(7( z .„) (t), t(G)) is defined as the number of (transverse) intersections between 
the geodesic segment 7( Z;t ,)[0,t] and the edges from X(G). For (z,v) G T X S the 
intersection number t(7( 2 yV ) (t), t(S)) is defined in the same way. 

Next we establish the connection between the r-combinatorial length K, r (z, v) 
(Definition 5.7) and the intersection number t(7( z iV ) (t r (z, v)), t(S)). 

Proposition 7.1. Let (z,v) E T 1 ^ such that < t r (z,v) < oo. Then 

Kr(z,V) < l(j( z ^ v) (t r (z,v)),T(S)). 

Proof. Let (z, v) also denotes a lift of (z, v) in T 1 H. Let 7 be the geodesic ray that 
connects z and a r (z,v) € Cusp(G). The assumption t r (z,v) > implies that z 
does not belong to the horoball H & r z , v ){l) and that is why K r (z, v) = l(j,t(G)). 
Let Z\ be the intersection point between 7 and the horocircle dH & ( ZtV -\{l) (since 7 
ends at a r (z, v) there is exactly only one such intersection point z\). Let 71 be the 
geodesic sub-segment of 7 bounded by the points z and Z\ . By definition the point 
7(z,v)(^r(z, v)) also belongs to the horocircle dH ar ( z , v )(l). Let G = G ar ( Zj „). Then 
the Euclidean distance between the points z\ and 7( 21 ,)(t r (z, v)) is at most 1 and 
the corresponding y-coordinate of both these points is equal to e. 

Let a be an edge from A(G) such that 7 intersects a. Then a does not end 
at 00 (since 7 ends at 00 we see that 7 can not (transversely) intersect any other 
geodesic that ends at 00). Moreover we have that the segment 71 intersects a. But 
then a either intersects intersects the segment J( z ,v) [0, t r (z, v)] or the horocyclic 
segment between the points z\ and 7( z v ){t r {z 1 v)). Every point on this horocyclic 
segment has the y-coordinate equal to e so wc conclude that if a intersects this 
horocyclic segment it has to end at 00. Therefore we find that a intersects the 
segment jr Z!V ^[0,t r (z,v)]. This proves the proposition. □ 

Proposition 7.2. Let (z,v) € T 1 S. There exists a constant K{S) > that depends 
only on S such that is z G Thg(l) then l(j( ZiV) (1),t{S)) < K(S). If z G (T 1 ^ \ 
Th s (l)) then t(7 (Z)B) (l),T(5)) < N(S)e h( - z l In particular for any {z,v) G T x 5 we 
have l(j {ZjV) (1),t(S)) < max{K(S), N(S)e^ z ^}. 
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Proof. If z £ Ths(l) then the geodesic segment remains in Ths(2). Since the space 
of geodesic segments of the hyperbolic length 1 that remain in Ths(2) is compact, 
we find that there exists K(S) > so that every such segment intersects at most 
K(S) edges from X(S). 

Assume that z does not belong to Th.5(l) (this equivalent to saying that h(z) > 
1). Then z £ W Ci (s)(l) for exactly one cusp Ci(S) £ Cusp(S). Let G = G c .(s)- 
Let (z,v) £ T 1 !! also denote a lift of (z,v) so that z £ 7ioo(l). Then the geodesic 
segment 7( z ,„)[0, 1] can intersect only edges from A(G) that end at oo. This is 
why 7( a «) [0, 1] can intersect at most as many edges from A(G) as the horocyclic 
segment (horocyclic with respect to oo) of the hyperbolic length 1 that begins at z. 
Therefore 7( z ,„)[0, 1] intersects at most N(S)e il00 ^ = N(S)e h( - zS> edges from r(G). 
This is easily seen by observing that e h ° o( ' z ^ > 1 agrees with the y-coordinate of the 
point z £ H. □ 

Proposition 7.3. There exists a constant D(S) > (that depends only on S) and 
ro > so that for r > ro the following holds. Let (z,v) £ T 1 H. If z £ Thc(lOr) 
then 

(52) IC r (z,v) < D(S)(e llr + K(S)(t r (z,v) + 1)) . 
If z £ TL c {\Qr) for some c £ Cusp(G) then 

(53) K r {z,v) < D(S)( X r(z,v)e h ^ + K(S)(t r (z,v) + 1)). 

Here Xr(z,v) = esc |9 c (z, v)\ if \Q c (z,v)\ < -| and esc |O c (z, v)\ < e r . Otherwise 
set Xr(z,v) = 1. 

Remark. Note that if Cl (z, v) gets smaller the upper bound in (|53|) increases. 
However once |0 ci (z, v)\ is small enough so that sin|0 Cl (^, v)\ < e~ r then the 
upper bound in (|5"3"|) decreases sharply. In fact \r(z,v) takes values in the interval 
[l,e1. 

Proof. Assume first that t r (z,v) = 0. Then by definition z £ 7Y C (1) for some 
c £ Cusp(G). Moreover we have \Q c (z,v)\ < | and csc(|0 c (z, v)\) < e r (see ([28]) '). 
In this case we have )C r (z,v) = e h ^ 2 ^ because z belongs to the 1-horoball at the 
cusp which absorbs 7( Zi „). If z £ Thc(lOr) we have that K r {z,v) < e 10r so the 
inequality (|52[) holds for such (z,v). If (z,v) £ TL c (\Qr) then (|53|) holds as well. 
From now on we assume that t r (z,v) > 0. Then fC r (z,v) < i(7( Zi „) (t r (z, v)), r(G)) 
by Proposition 7.1. 

Let (z, v) £ T 1 !! and let t* = min{(3r + h(z)), t r (z, v)}. By Proposition 5.6 we 
have that the segment r y^ z ^[t^,t r (z,v)] is contained in Thc(l) and therefore by 
Proposition 7.2 we have 

(54) i{ 1[z , v) [U,t r {z,v)U{G)) < K(S)(t r (z,v) + l) 

It remains to estimate t(7( z .„) [0, t*], t(G)). Fix < t < t*. Let to = 0, t^ = t, 
and let {ti,t2j ■■■,tk-i} be the ordered set of points where the segment 7( z .„)[0,f] 
intersects the 1-horocircles. Note that there can be at most 2to + 2 such segments, 
that is k < 2io- Each segment 7( Zjl ,) [ti, ij+i] is either contained in Thc(l) or in 
some 7i c (l). If 7( ZjtJ ) [t%, ti+i] is contained in Thc(l) then by Proposition 7.2 we 
have 



(55) 



i{-y(z,v){ti,U+i],T(G)) < K{S){\t i+ i-ti\ + 1). 
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Assume that "/(z.v)[U,ti+i] is contained in some 7i c (l) (note that a r (z, v) 7^ c). 
There are two cases. The first one is when z £ H c (l) (then clearly i = 0). Then 
the entire segment 7( 2 ,„) [to, ti] is contained in 7i c (l). Let zo = z max (7(z.„), c). 
Then the segment 7( z ,t,) [to, t{\ can intersect at most 2N(S)e h ( z °* > edges from A(G). 
On the other hand from (j2"8)) we have that h c (zo) — h c (z) < log(csc |© c (z, ?j)|) if 
|6 c (z,u)| < § and h c (z ) = h c (z) if |6 c (z,u)| > |. This shows that 

(56) i(7(»,t,)[*o,ti],T(G)) < 2AT(S) Xr (z,i,)e h «. 

For any other segment 7( Zil ,)[ti, ti+i] that is contained in some 7i c (l) we have that 
h c (z )-l = h c (z )-h c (7 (Zil ,)(^)) < r where z = z max (^ z ^,c). This follows from 
the fact that a r (z,i>) 7^ c, and from h c (zo) — h c (7( A „) {U)) < h c (zo) — h c (z). Then 
the segment jr z v ^ [ti, tj+i] can intersect at most 2iV(S l )e h ( z °) edges from A(G), that 
is 

(57) t (7(^)[^,^+i],-r(G)) < 2N(S)e r+1 . 
Since t < 3r + h(z) and from (|55|) . (f56"|) and ([57]) we obtain 

t(7(.,«)[0,*.],r(G)) < 27V(^) Xl .(z, t ;) e h ^ + (2(3r+h(z))+l)2iV(5) e r+1 +(2(3r+h(z))+l)X(5), 

(here we also used that there are at most 2<o + 2 segments 7( Z! „)[ti,t-i+i])- 
Let z € Thc(lOr). If z G H c (l) then from 1 < Xr(z, v) < r we obtain 

t(7(»,t,)[0,*.],T(G)) < 2N(S)e llr + (26r + l)2N(S)e r+1 + (26r+l)K(S). 

Together with (JSJ) this proves l[5"2"|). 

Suppose that z e W c (10r) for some c S Cusp(G). Then similarly from ([55]) , ([55]) 
and f5"T|) we get 

t(7( 2 ,«)[0,t,],r(G)) <2^(5)x r (z,i0e h(2) + (2(3r+h(z))+l)2iV(5) e '''+ 1 +(2(3r+h(z))+l)X(5). 
Since h(z) > lOr for r large enough we have 

(2(3r + h(z)) + l)2Ar(S')e r+1 + (2(3r + h(z)) + l)X(S') < e h(z) . 
Together with JM]) this proves ([53)) . 

□ 

Proposition 7.4. Lei G be a normalised group and let z £ 7ioo(0), i/iat is y > 1. 
.Let Z\,Z2 £ H, where Zj = Xj + iyj, j = 1,2, and let r\ be the geodesic segment 
between z\ and z 2 - Moreover let rjj be the vertical geodesic segment connecting Zj 
with the point Xj + iy (that is rjj is orthogonal to the 0-horocircle at 00). Then 

tfa, r(G)) < i(m,r(G)) + l(v2,t(G)) + N(S)\xi - x 2 [. 

Proof. Let 7 £ A(G). If 7 intersects 77 then 7 either intersects 771 or 772 or the 
horocyclic segment between the points x\ + iy and x 2 + iy. Since y > 1 and since 
G is normalised we have that if 7 intersects this horocyclic segment then 7 ends at 
00. On the other hand there are at most N(S)\xi — x 2 \ such vertical geodesies in 
A(G). This proves the proposition. 

□ 
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7.1. The proof of Lemma 5.2. Let t > and set 

E t = {(z,v) G T x 5 : t r (z,v) > t}. 

We have 

Proposition 7.5. There exists ro > so i/iai /or r > ro and every t > r 2 we have 

A(E t ) < e" 9 ^, 
where q(S) > is the constant from Lemma 5.1. 
Proof. Fix t >r 2 . We have 

T'S = T x Th s (^) (JC^S \ ^Th-j^)). 

One finds that 

A((T^\T 1 Th s (i)))=ne-^ 

where n is the number of cusps in Cusp(S'). Since t > r 2 for r large enough we 
have 

(58) A((T 1 5\T 1 Th s (^))) <ie-i 

It follows from Proposition 5.6 that for every (z, v) <E T X S and every 3r + h(z) < 
t! < t we have that gt'(z,i>) C A(t — t'), where A{t) is the set defined in Lemma 
5.1. If (z,v) G T^hsd) then 

g(3r+f)0^) C 4(- - 3r). 
It follows from Lemma 5.1 that 

;^)) = A(g (3r+|) (i? t nT 1 Th s (i 

Since t > r 2 for r large enough we have 

A^n^TMl)) < i e -^i 

Together with ([55]) this proves the proposition. □ 

We are ready to prove Lemma 5.2. Let 

T r = {(z,v) G T 1 /? : h(z) > 10r}. 

We have T 1 ^ \ P r (5) = £ r 2 U T r . It follows from Proposition 7.3 and from the 
definition of tp r (z,v) that 



A(E t n T 1 Th s (-)) = A( g{3rH) (E t n T 1 Th s (-))) < C(S)e~^-^. 



{K. r (z,v) + IC r (z,Luv) + IC r {z,uj z v) + l)ip r (z)dA< j D(S)e Llr dA+ 

T 1 S\'D I .(S) B r 2\T r 

+ / ' D{S)e h ^ X r{z,v)e {r -^ dA+ [ D(S)K{S)(t r (z, v) + 1) dA+ 



+ J D(S)K(S)(t r (z,v) + l)dA. 

Tr\E r 2 

We estimate each of the four integrals on the right hand side. 
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From Proposition 7.5 we have 

J D(S)e Ar dA = D{S)e 4r A(E r 2) < D(S)e 4r e - q{s) ^ < e~ 2r = e(2r), 

E r2 

for r large enough. 

Next we estimate the second integral 

D(S)e hiz) x(z,v)e {r - h ^ 1) dA. 

We have that T r = l J Ci {S)eCusp(S)T 1 'H Ci (s)(^0' r )- Let <k € Cusp(G) such that 
[ci] G = Cj(5) and set G = G Ci . Let z G W Ci (10r). Then (z,v) = (x,y,0) = (z,6) in 
the polar coordinates on T 1 H. We have 



Xr{z,0) dO < Cr, 

where C is some universal constant. This shows that for r large enough we have 

oo 

/ D{S)e^ X {z,v)e^)dA<Cr J £ ^f~^ = 



oo 

D{S)Cre r J y~i dy < e" 4r < e 



Ncxt we estimate the third integral. Recall that if / : X — > [0, oo) is an integrable 
function on a measure space (X, fi) then 

oo 

fdft = J dt. 



Set (X, n) = (E r 2 , A) and f(z, v) = t r (z, v). We find 



x 



t r (z,v)dA= J A(E t OE r 2)dt = r z A{E T 2) + j A{E t )dt. 

E r 2 

This together with Proposition 7.5 gives 

D(S)K(S)(t r (z,v) + l) dA < D(S)K{S)A(E r 2)+D(S)K(S)(r 2 A(E r 2)+ I A{E t ) dt) < 



< (1 + r 2 )D(S)K(S)e-' !{s) ^ + D(S)K(S) J e"« (s) 3 dt, 

r- 

so for r large enough we have 

J D{S)K(S)(t r (z,v) + l)dA< e- 2r = e(2r). 
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If 0, v) £ T r \ E r 2 then (t r (z, v) + 1) < r 2 + 1. This implies that 

D(S)K(S)(t r (z,v) + l)dA< D(S)K(S)(r 2 + l)A(T r ) < r 3 e - 10r < e 



T r \E r 2 

We have estimated all four integrals and we find that 

(JC r {z, v) + fC r (z, wv) + fC r (z, uj 2 v) + l)ip r (z) dA < P(r)e~ r . 

T 1 S\V r (S) 

This proves Lemma 5.2. 

7.2. The proof of Lemma 5.3. From Proposition 5.16 we have 
(K. r (z, v) + }C r (z, ujv) + JC r (z, <jJ 2 v) + l)(p r (z) dA < 



(59) 



3 f 

< / (JC r (z, v) + K. r (z, ujv) + K r {z, lu 2 v ) + l)tp r (z) dA, 



l_1 £*(S) 

so in order to prove Lemma 5.3 we need to estimate from above the integrals on 
the right hand side. 

We first estimate the integral 

(fC r (z, v) + JC r (z, luv) + K. r (z 7 lu 2 v) + l)ip r (z) dA. 



£i(S) 

Let (z,v) £ £r(S)- Then (z,v) G T> r (S). Let (z,v) also denote a lift of (z,v) to H 
. Then z € W c (2r — log 3), for some c € Cusp(G) and c is an endpoint of a^,(z, v). 
Here [c]g = (k(S) for some Ci(S) £ Cusp(S'). Let X (a(S)) be the set of those 
(z,v) £ £}{G) so that z £ H c (2r — log 3) and a r (z,v) = c. Let Xi(a(S)) be the 
set of those (z,v) £ £^(G) so that z £ 7i c {2r — log 3) and a. r (z,ojv) = c. Then 
£}(G)=X (c i (S))UX 1 (c i (S)). 

Let (z, v) £ Xo(ci(S)). Since [z, v) £ l? r (S) we have max{t r (z, v), t r {z, wd), t r (z, to 
t 2 . It follows from Proposition 5.2 that |0 c (z,wu)| < 7re _r . This implies that 
|6 c (z, ojiv)] > f , j = 1,2. Since a r (z,v) = c we have K. r (z,v) = e h ' 2 '. Combining 
this with (|53"|) (recall the definition of Xr(z, v)) we get 

K r (z, v) + K, r {z, ujv) + K r (z, uj 2 v) < e h(z) + 2D(S)(e h(z} + K(S)(r 2 + 1)). 

A single lift of the set Xo(ci(S)) to H (with respect to the normalised group G = G c ) 
is contained in the set 

2r 

{(x, y, 9) £ T X H : < x < 1, — < y < oo, \0\ < ire- r }. 

3 

Passing with the integration to the universal cover we get for r large that 
(K. r (z, v) + JC r (z, ujv) + )C r (z, lu 2 v) + l)<p r (z) dA < 
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7re oo 



< 



dO < 



< r 3 e~ r 



OO 

' j e r y~i dy < 3r 3 e~ r = P(r)t 



We repeat this for every Cj(S) S Cusp(S). After repeating the same argument for 
Xj(a(S)), j = 1,2, we obtain 

(60) J (ICr(z,v)+K.r(z,Luv) + ICr(z,uj 2 v) + l)tp r (z)dA<P(r)e- r . 

for r large enough. 

It is somewhat more delicate to estimate the integrals over the sets £ 2 (S) and 
£ 3 {S). We need to prove several propositions first. 

Proposition 7.6. Let s, t > 0. Then for t large enough, we have 



I(s,t)= J L{~f {z , v) {t),T{S))dA<t 2 (s + t). 
TiThs(s) 

Proof. Denote the above integral by I(s, t). Consider Sr z v > (t) = i(jr ZiV }(t+l),T(S))- 
L (l(z,v)(t)i T (S))- It follows from Proposition 7.2 that 

6 {z . v) (t) < max{K(S),N(S)e h ^^}. 

so we conclude that for any (z, v) G T 1 ^ we have 

S iZiV) (t)<K(S) + N(S)e h( -^^. 

It follows that 

J(t+1) -/(*)= J S (z . v) (t)dA< J {K(S)+N(S)e h ^^ w) )dA. 

TiTh s (s) TiThs(s) 

Since gt(T 1 Ths(s)) C T^Th^s + i) and since gt is measure preserving, we have 



I(t+1)-I(t)< / (K(S)+N(S)e h( ^-^)dA 



TiThs(s) 



< 



TiTh s (s+t) T!Th s (0) 
n „ 

+ H / (K(S) + N(S)e h(z) )dA 

l=1 H(c z (S)) 

where H{a(S)) = r 1 H Cl( s)(0) \ T^^s + t). We have 

s h(* 



(i^(S , )+A(S*)e h ^)rfA < 

gt (TiTh s (s)) 

(K(S) + N(S)e h ^)dA+ 



(K{S)+N(S)e h, - z )dA< J (K{S)+N(S))dA<C 

TiThstO) TiThsCO) 
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where C > depends only on S. On the other hand, by passing to the group 
G = G Ci (5) and using the expression for the volume element dA we have 

{K(S) + N(S)e h{z) )dA= J (K(S)+N(S)e h ™^)dA = 

H( Ci (S)) Ti-H oc (0)\T 1 -H oo (s+t) 



1 



+ K(S) + N(S)y 



dy dx < K(S) + N(S)(a + t). 



° V 

Combining these estimates we have I(t + 1) - I(t) < C + K(S) + N(S)(s + t) 

and therefore I(t) < t(C + K(S) + N(S)(s + tf). For t large enough we have 

I(t) < t 2 (t + s) which proves the lemma. □ 

We have already discussed (in Section 6) the cross sectional area for two dimen- 
sional subsets of T 1 !! with respect to the equidistant flow St- 

Definition 7.2. Let E C H be a domain, and let u(z) be a smooth unit vector 
field on E. Then E(u) — {(z,u(z)) : z £ E} is a surface sitting inside the three 
dimensional manifold T 1 !!. Let < t\ < t-i < oo. Define U{E(u),ti,t2) = 
Ut 1 < s <t 2 gs(-B(it)). For simplicity, set lA(E(u),0,t) = U(E(u),t) . We use the same 
notation for E C S . 

Wc say that a unit vector field u defined on a domain E C H is transverse to E 
if g s (E(u)) n E(u) ~ for every s > 0. Assume that u is transverse to E. Since gt 
preserves the volume, we have that the quotient A(U(E(u), t))/t does not depend 
on t > 0. Wc call A(U(E(u), t))/t the cross sectional area of E with respect to u(z). 
In fact, the flow gt induces an area form dr](u) on E so that the cross sectional 
area of E agree with the area of E with respect to drj(u). The two form dr](u) is 
obtained by contracting |rfA| by the vector field u(z). One can verify that since 
each vector u(z) has the unit length, and since dA = y~ 2 dx A dy A dO we have that 
drj{u) = a(z) dx A dy where < a(z) < y~ 2 . That is the density of the two form 
drj{u) is always bounded above by the density of the hyperbolic metric. 

Let ip = ipE(u) '■ U{E(u), oo) — > E(u) be the projection map, that is on each slice 
g s (E(u)), < s < oo, the map ip agrees with (g s ) _1 . Since u is transverse to E 
the map ip is well defined. 

Let ft : E(u) — > R, t\ < t < t2, and / : U(E(u),t) — > R be integrable functions. 
If for every such t we have /(z, v) < /t(V'E(«) {z, v)) for every (z, v) G g t (E(u)) then 

(61) J fdA< if J f t d V {u)) dt, 

U{E{u).t 1 ,t 2 ) *i \E{u) J 

and if ft{ipE(u)(z,v)) < f(z,v) for every (z,v) G g t (E(u)) then 



(62) 



J fdr](u) \dt< J 

\E(u) J U(E{u),t) 



We are particularly interested in the vector fields u\{z) and U2(z). The vector 
ui(z) is the unique vector such that the point (z,ui(z)) G T 1 !! corresponds to the 
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coordinates (x, y, — Observe that m is transverse to H. The vector U2{z) is the 
unique vector such that the point (z, U2(z)) € T 1 !! corresponds to the coordinates 
(x, y, —it). One can verify that drj{u\) = y~ 2 dxdy and that drj{u 2 ) = 0. It is not 
surprising that dr)(v,2) = since the corresponding set U(E(u2),t) is two dimen- 
sional for any set E C H and therefore the cross sectional area of E with respect 
to U2(z) is equal to zero. 

Fix Cl (S) e Cusp(S). For y > 1 set 

l 

Aj(t,y,Ci(S)) = J i(7 (2iUj(z ))(i),r(G Ci(5) ))dx, 
o 

where j = 1, 2. Set G = G Ci(S y Note that if z e 7 n Hoc{0) and 7 G A(G) then 7 
has 00 as its endpoint. This implies that for 1 < y we have 

(63) A 2 (t, 1, a(S)) = A 2 (t + logy, y, a(S)), 

and A 2 (t,y,Ci(S)) = for t < logy. 

Fix y > 1. For every i > the set of points 7( ss>lll ( z ))(t) is a horocircle in H 
that bounds a horoball at 00 (recall z = x + iy). Moreover, there exist numbers 
d(t) > and r(t) > (that depend only on t), such that for z' = z + yd(t) we have 
7(z,«i(z))(i) = 7(z', u 2 {z')) i r (t))- The functions and r(t) are increasing in t. It is 
elementary to verify that < d(t) < 1 and < t — r(t) < 1. 

We apply Proposition 7.4 to the segment 7( z , Ul ( z )) [0, t]. We have 

i(7(*,M*))(*),"r(G)) < <7 (2 ',u 2(z '))Wt)),7(G)) +N(S)yd(t). 
This shows that for every t>0we have 

47(,',n 2 ( z '))(^ 1 )^(G)) <i(7(z', U2 ( 2 '))W*)).T(G)) <t(7(,,« l( ,))W^(G)) < 
<<(l( z ',u 2 ( z >)Mt)),T(G)) + N[S)y < i{ 1{z ,. U2{z>)) {t),r{G)) + N(S)y, 

that is 

ish(z',u 2 (z'))(t— l),r(G)) < 4(7(«,«i(«))W»r(G ! )) < t(7(*', U3 («'))(t) J r(G)) + iV(S)y. 

Since the vector U2{z') is obtained by translating the vector 112(2) for yd(t) and 
does not depend on x we get 

(64) A 2 (t - l,y, a(S)) < A x {t, y, a(S)) < A 2 (t, y, a(S)) + N(S)y. 
Proposition 7.7. For y > 1 and any Ci(S) we have 

A2(t,y, Cl (S))<(t + 3)\ 

and 

Ay{t,y,Ci{S)) < (t + 3) 4 + N(S)y : 

for t large enough. 

Proof. Fix Ci(S) £ Cusp(5') and let G = G C .( S )- Let EcHbe the set given by 
E = {z : < x < 1, and 4 < y < 5}. Let U(E(ui), 1) C T X H be the corresponding 
set (see the above definition). Note that U(E(ui), 1) C T 1 The (log 5). Moreover, 
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the set U(E(ui),l) injects into T 1 Th5(log5) under the standard covering map. 
Therefore, from Proposition 7.6 for t large enough we have 

i{"f( Z , V ){t),T{G))dk< J L{j (ZjV) (t),T(S))dA = 

U{E( Ul ),l) TiTh s (log5) 

(65) 

J i(y iz , v) (t),r(S))dA<t 2 (lo g 5 + t) <t 2 (2 + t). 

TiTh s (log5) 

Let ip : U(E(ui), 1) — > E(u\) be the restriction of the projection map "0£;(«i) : 
U(E(ui), oo) — » E{u\) introduced above. It holds that L^^^ y^t) , t(G)) < t(7(« «) (i), T (G))- 
C\ for every t > where Ci is a constant that depends only on S. The con- 
stant C\ bounds above the number of intersections between the geodesic segment 
7(tt),«i(«;)) [Oj 1] an d r (G) when w £ E. From (|62|) we have 

t(7(»,« I (*))(*) J r(G0)d»?(«i) < / W7(,, t ,)W,r(G))+C 1 )rfA. 

E W(_E(ui),l) 

Combining this with (|65[) yields 

t(7(.,« lW )(t),T(G))d»7(ui) < (i + l) 2 (3 + i) + dA(W(£( Ul ),l)) <2i 3 , 
for £ large enough. Since dr](ui) — y~ 2 dxdy this gives 

5 5 

A 1 (t,y,c i (S))dy<25 J A 1 {t,y, Cl (S))y- 2 dy = 

4 4 



(66) 



5 

= 25 y* y i(l {z , Ul{z)) {t),T{G))dr,{ Ul ) <t\ 

4 _B 

From (|64[) and (|6"6")l wc obtain 

A 2 (t,j/,c i (5))dj/< (t + 1) 4 . 



4 

Observe that for y € [4, 5] we have A 2 (t, 1, < A 2 (i + logy, y, Ci{S)) < A 2 {t + 

2,y,a(S)). Therefore 

5 

A 2 (t, IMS)) < J Mt + 2, y, Ci(S)) dy<(t + 3) 4 . 

4 

Combining this with (|63[) wc conclude that for every y > 1 we have ^(i, c i(S)) < 
^(i, 1, Ci(S)) < (t + 3) 4 . The second estimate in the proposition follows from the 
first one, and from (f6"4"| . 

□ 
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Remark. If instead of u\{z) we use —u\{z) to define Ai(t, y, Ci(S)) that is 

i 

Ax(t,y,Ci(S)) = / i(7 (z _ Ul(z) )(i),r(G Ci ( S )))dx. 



o 

we obtain the same estimate Ai(t, y, Ci(S)) < (t + 3) 4 + N(S)y. 

Again fix a(S) G Cusp(5). Let z t = 7( Zlttl ( a ))(t) and u t = T^.m (*))(*)• For ^ - 1 

set 

I(t,y, Ci (S))= J (^h {z , Ul (z))(t),T(G Ci )) +J2<J( Zu uH~v t ))(r 2 + l),T(G c J) ] j dx. 

Set G = G Ci (S). We want to estimate /(£, y, Ci(S)). For every i > and y > 1 the 
set of points 7( Ztjll jj(_ 1 , t ))(^ 2 + 1) is a horocircle in H that bounds a horoball at oo 
(recall z = x+iy) . Since < \®oo{zu {— %))| < f we see that |9 00 (z t ,u; J (— > -| 
for any value of t. This implies that the point 7( 2t , w j(-„ t ))(V 2 + 1) lies below the 
the horocircle <97ioo(log?/) for r large enough. 

Fix y > 1. Recall the functions c£(f) and r(t) defined above (and the correspond- 
ing point z' = z+yd(t)). Similarly, we define the functions dj(t) and rj(t) as follows. 
Let z'J G H so that z'J lies on the same horocircle dHoo (log y) as the points z and 
z', and so that 7(^>2(^'))( r j(*)) = 7(z t (-*>*)) ( r2 + !)• Then z" = z + ydj(t). 
The functions and Tj(t) are increasing in t and do not depend on z. It is 

elementary to verify that — 1 < dj(t) < 2 and < r(t) <t + r 2 + 1. 

As we explained (and stated) above from Proposition 7.4 we have 
tfyw^WMG)) < <7(,',« 2 (,0)(K*)).r(G)) +JV(5)». 
Similarly we apply Proposition 7.4 to the segment j( Zt ,uji(-v t )) i 7 * 2 + 1) an d get 

L{l {zuui{ - Vt)) {r 2 +l),T{G))<L{^ 

(here we used that the Euclidean length of the horocyclic segment between the 
points z' and z'J is at most 2). This yields that 

I(t, y, Ci(S)) < 3A 2 (t, y, a(S)) + 2A 2 (t + r 2 + 1, y, a(S)) + 5N(S)y, 

so from Proposition 7.7, for r large enough we get 

I(t, y, Ci(S)) < 3(t + 3) 4 + 2(t + r 2 + 3) 4 + 5N(S)y, 

that is 

(67) I(t, y, a(S)) < 3(t + r 2 + 3) 4 + 5N(S)y. 

Remark. If instead of u\(z) we use —u\{z) to define I(t, y, a(S)), that is 

I(t,y, Ci(S)) — J ( t(7(*,— ui(z)) (0,t(G Ci )) +^(7( 2t ^(-. ut) )(r 2 + l),r(G c ,)j da. 
we get that the same estimate (|57|) holds. 
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We are ready to estimate the integral 

/ (/C r (z, v) + IC r (z, ujv) + IC r (z, ui 2 v) + l)ip r (z) dA. 
4=2 f,i(S) 

Note that for Ci(S) G Cusp(S) the vector fields uj(z) are well defined on r 1 H Cl(S )(0) C 

Let E = Th s (12r) \ Th s (0). Let (z,v) G £ 2 {G). We also use (z,v) to denote a 
lift of (z,v) to H. Then 

r-r 2 e~ r < h max (z max (7( 2 ,„), c)) -h max (z) < r + r 2 e~ r , 

and z m ax(7(a,D), c) G Hoo(l — r 2 e~ r ) for some cusp c G Cusp(G). Set G = G c . It 
follows from ([51]) that for r large enough, we have z max (7( Zi „) , c)) = 7( Zi „)(i) for 
some (r — r 2 e _r ) + log 2 — e~ r < t < (r + r 2 e~ r ) + log 2 + e~ r . Combining this 
with the fact that z G Th G (10r) (recall that E 2 (S) C V r (S) C T 1 Th s (10r)), this 
implies that (z, — v) G U{E{u* 1 ),r + log 2 — 2r 2 e~ r ,r + log 2 + 2r 2 e~ r ) where is 
either equal to u 1 or to —U\. 

Recall that if (z, v) G £ 2 {S) then (z, v) does not belong to £r(S) so for j = 0, 1, 2, 
by Proposition 7.1 we have 

/C r (z,w J t>) < i(7( z ,c^)(r 2 + 1),t(S)). 

In particular for (z,v) G gt(i?(u|)) we have the estimate 

K, r (z,v) < L(-f {z _ v) (r 2 + l),T(S)) < i(7 (Zi( _ l , )) (t),r(S , )) + t(7_^ (Zi „ ) (r 2 + l),r(S')), 

where V : U(E(u\), (r + log 2 - 2r 2 e" r ), (r + log 2 + 2r 2 e~ r )) -> £(u*) is the 
projection map. Define / : U{E(ul), (r + log2™2r 2 e~ r ), (r + log2 + 2r 2 e" r )) -> R 

by 

2 

/(*,«) = 1 + ^/C r (z,u; J u), 

i=0 

and / t : E(uJ) — R by 

ft(z) = 1 + (i(7 (z! „ lW) (i),r(5)) +i(7( z ,- Ul ( z) )(r 2 + 1),t(S))+ 

+i(7( ZtlW (- 1 , t ))(r 2 + 1),t(S')) + t(7 (zt ^2 ( _„ t)) (r 2 + 1),t(S)). 

We apply (|6Tj) separately for u\ = u\ and u\ = — iti. Adding the two inequalities, 
we obtain 



(IC r (z, v)+lC r (z, u>v)+)C r (z, oj v)+l)tp r (z) dA < J (IC r (z,v)+IC r (z,u)v)+)C r (z,(j v)+l)dA< 



r+log2+2r 2 e~ r / \ 

2 J If ftdv(ui) J d 



r+log2 — 2r 2 e r YE / 

Passing to the universal cover for each cusp Ci(S) and applying the Fubini theorem 
to the last integral, yields that (recall A\ (t, y, Ci(S)) from the remark after the proof 
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of Proposition 7.7) 

e 12r 

/ t df/(ui)<n / (l + /(t,y,c l (5))+l 1 (r 2 + l,y,c l (5))) 2 ;- 2 ^< 



< n / (1 + (t + r 2 + 3) 4 + 5N{S) + (t + 3) 4 + iV(5)) ^, 

i 

where n is the number of cusps in Cusp(S'). By using (|67[) and Proposition 7.7 and 
since t < r + 1 we have 

(K. r (z, v) + K r (z, uov) + fC r (z, u 2 v) + l)(p r (z) dA < 
(68) 



r+log2+2r 2 e- r / 12r \ 

< J If (l + (t + r 2 + 3) 4 + 5N(S) + (t + 3) 4 + N(S)) —\dt< P(r)e~ r . 

r+log2-2r 2 e- r \l / 

for r large enough. 

Let E = Th s (l + r 2 e- r )\Ths(l-r 2 e- r ). Recall that if (z,v) G S*(G) then for 
some r— 1 < t < r 2 + l and some c G Cusp(G) we have that z max (7(2 tV ),c) = 7( Z) „)(t) 
and 

l-r 2 e~ r < h c (z max (7( Z! „),c)) < l + r 2 e" r . 

This implies that if (z,v) G £?(S) then (z, -y) G U{E{u\), (r - 1), (r 2 + 1)) where 
yj is either equal to yi or to — u\. 

Recall that if (z, v) G £r(S) then (z, y) docs not belong to £^(S), for j = 0, 1, 2. 
By Proposition 7.1 wc have 

ICr(z,UJ 3 v) < i(7(z,^)( 7 * 2 + l):T(S)). 

In particular, for (z, — y) G gt(E(ul)) we have the estimate 
JC r (z,v) < i(7(z,v)(r 2 + 1),t(S)) < L(-f iZ:V) (t),T(S)) + i(7-V(z^)( r2 + 1 )' T ( 5 ')) J 

where ip : U(E(u\), (r — 1), (r 2 + 1)) — > -E"(yi) is the projection map. Define the 
maps / : U{E(u\), (r — 1), (r 2 + 1)) — > R and / t : -E(u|) — > R as above. Wc apply 
(|62p separately for u\ = m and y| = — ui. Adding the two inequalities we obtain 

(K. r (z, v)+K. r (z, u>v)+K. r (z, uj 2 v)+l)ip r (z) dA < J (K. r (z, v)+IC r (z, uv)+JC r (z, lu 2 v)+1) dA < 

r 2 + l / 

2 / I / /td7](ul) 

r-1 
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Passing to the universal cover for each cusp Ci(S) and applying the Fubini theorem 
to the last integral, yields that 

f t dn{ux)<n f (l + I^y^^ + Mr 2 + l,y, Cl (S)))y~ 2 dy, 



where n is the number of cusps in Cusp(S'). By using (|67p and Proposition 7.7 we 
have 

(K. r (z 7 v) + /C r (z, luv) + /C r (z, ui 2 v) + l)(p r (z) dA < 
(69) 

<2n J \ J (l + (t + r 2 +3) i + 5N(S) + (t + 3) 4 + N(S)) ^ dfc = e(r), 

r-l Vpl-^e-r / 

since i < 7' 2 + 1. 

Putting together (f^U|) . and and replacing these in (|5T)j) . we get 

(K. r (z, v) + IC r (z, ujv) + l)ip r (z) dA = e(r). 

which proves Lemma 5.3. 
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To prove Lemma 5.1 it is enough to prove the following somewhat more general 
theorem. 

Theorem 8.1. Let S be a hyperbolic non- compact finite- area Riemann surface and 
let K C S be compact. Then we can find C, q > such that 

A t = {{z,v)eT 1 S : 1( z,v)[0,t]GK}. 

satisfies A(A t (K)) < Ce~ qt for any t > 0. 

Proof. We may assume that K = Ths(ho) for some > 0. We fix a proper ideal 
triangulation r for S, and let A = A(t) denote the set of geodesic edges of r. For 
any (z, v) £ T 1 5, we can record the sequence of left and right turns taken by the 
geodesic ray J( z ,v) [0, oo) to obtain a sequence R ai L a2 . . ., where = ai(z, v) E N. 
This sequence is finite if and only if p(z, v) G Cusp(G). We let (sj)i^o be the 
times such that 7(z j „)(si) C A, and we observe that we can find C\ > Cq > 
(Q = C\(S,Th. s (h Q ))) such that C < s t+1 - s t < d as long as 7( Zjl) )[sj, s i+1 ] C 
Th s (h ). Moreover, if j (z ^ [0, s(Si=i C Th s (h Q ) (where s(i) = si), then 
di < B for i = 1, . . . , k, where BgN, depends only on Thg(/7,o). 
We let 

V n (B) = {(z,i>) € Ths(/io) : Oi, . . • , a n +i is well-defined, and at < B for i = 1, . . . n}. 

We will show that there are C,q > such that A(V r „(B)) < Ce~ qn ; this will 
complete the proof of the theorem. 



RANDOM IDEAL TRIANGULATIONS 



8.5 



To this end, we fix a triangle T £ tg {tg is the lift of t to H). We observe 
that if (z,v) <G T, then the sequence (cti(z, v)) depends only on p(z,v). We let 
W n (B) = p(V n (B)). For any (&j)f =1 , where hi are positive integers, the set 

{p(z,v) : (a,i(z, u))i=i is well-defined, and a% = 6, for 1 < i < k} 

is an open interval in 9H whose endpoints are joined by an element of Xq ■ Therefore 
W n (B) is a disjoint union of B n such intervals. For any such interval I C W n (B), 
we let J C U be the least interval such that / n W n +2(B) C J. The following two 
facts are central to our argument: 

(1) The closure of J is a compact subset of /. 

(2) The cross ratio R( J, I) can take on only finitely many values (depending 
only on r and B). 

Here 

n{J,l) = T - -\T- r-r, 

(jo — *oJC*i -Ji) 

where / = (io,ii) and J = (jo,Ji), is a Mdbius invariant of (J, I)- It follows that 

^<v(r t B)<l, 

where we fix a unit disk model D for H, and let \J\ be the arc length for J C 9D. 
Therefore 

\W n+2 (B)r\I\ < t](t,B)\I\, 

so 

\W 2n (B)\ <27r(T 7 (r,B)) n = 27re- n « ) 
where q = — logr](T, B) > 0. Since for any interval A C 9D we have 

A({(z, «) G Th G (ft ) n T : p(z, w) G A}) < C(Th s (h ), t)\A\, 
we find that 

\V 2n (B)\ < Ce~ n \ 
where C depends only on Thg(/io) and r. 

□ 



References 

[1] L. Ahlfors, Lectures on quasiconformal mappings. Second edition. With supplemental chap- 
ters by C. J. Earle, I. Kra, M. Shishikura and J. H. Hubbard. University Lecture Series, 38. 
American Mathematical Society, Providence, RI, (2006). 

[2] I. Biswas, S. Nag, D. Sullivan, Determinant bundles, Quillen metrics and Mumford isomor- 
phisms over the universal commcnsurability Tcichmllcr space. Acta Math. 176 no. 2, 145-169 
(1996) 

[3] L. Chekhov, R. Penner, On quantizing Tcichmiiller and Thurston theories. Handbook of 
Teichmller theory. Vol. I, 579-645, IRMA Lect. Math. Theor. Phys., 11, Eur. Math. Soc, 
Zrich, (2007) 

[4] L. Ehrenpreis, Cohomology with bounds. Symposia Mathematics IV, Academic Press, 389- 
395, (1970) 

[5] M. Linch, A comparison of metrics on Tcichmllcr space. Proc. Amer. Math. Soc. 43, 349-352 
(1974) 

[6] V. Markovic, D. Saric, The Tcichmiiller distance between finite index subgroups of PSL(2, Z) 
. Preprint. 

[7] V. Markovic, D. Saric, Tcichmllcr mapping class group of the universal hyperbolic solenoid. 
Trans. Amer. Math. Soc. 358 no. 6 2637-2650 (2006) 



KAHN AND MARKOVIC 



[8] J. Parkkonon, V. Ruuska, Finite degree holomorphic covers of compact Ricmann surfaces. 

Acta Math. Sinica 23 no. 1, 89-94. (2007) 

[9] R. Penner, D. Saric, Teichmuller theory of the punctured solenoid. |arXiv:ma th/050 8476 

Mathematics Department 
Stony Brook University 
Stony Brook, 11794 
NY, USA 

AND 

University of Warwick 
Institute of Mathematics 
Coventry, CV4 7AL, UK 

E-mail address: kahnSmath.sunysb.edu, v.markovic@warwick.ac.uk 



